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SUMMARY

The paper presents a new notion of equivalence of non-regular AR-representations, based on the coincidence
of the impulsive-smooth behaviours of the underlying systems. The proposed equivalence is characterized by
a special case of the usual unimodular equivalence and a restriction of the matrix transformation of full
equivalence (Int. J. Control 1988; 47(1):53–64). Copyright # 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

An equivalence relation preserving the structures of matrices, in a systems theory context, first
appeared in [1], as strict system equivalence and its modification known as Fuhrmann system
equivalence in [2]. These equivalences guarantee that the systems have the same finite frequency
structure. Thus, systems with the same finite structure exhibit the same smooth behaviour, while
in [3] it is shown that strict system equivalence implies the existence of an isomorphism between
the smooth solution spaces of the systems. To analyse simultaneously the finite and infinite
structures of the system matrices Verghese [4] proposed, in the case of generalized state space
systems, the notion of strong equivalence which took on a closed-form description in [5] as
complete system equivalence. In [6, 7] an interpretation of these equivalences as an isomorphism
of the corresponding behaviours was given.

Behaviours were introduced in [8, 9] and have since then been extensively studied. In this context,
two AR-representations are equivalent if they represent the same smooth behaviour [10] or if they
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represent isomorphic smooth behaviours [11–13]. In the first case, the polynomial matrices that
describe the AR-representations are shown to be unimodular equivalent, whereas in the second case
they are Fuhrmann system equivalent [12]. The behavioural approach, at least in its original form, is
not concerned with the infinite frequency (impulsive) behaviour. During recent studies (see [14–18])
the importance of impulsive behaviour in ‘switched’ or ‘multimode’ systems is recognized, and
relevant questions about minimality and equivalence, in a behavioural framework, are addressed.
The following example, comes from [14], and demonstrates the limitation of unimodular
equivalence in preserving the ‘impulsive-smooth’ solution space of AR-representations.

Example 1 (Bourles [14])
Consider the following systems:

S1 :

�1 @þ 1 0 0

0 0 @ �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A1ð@Þ

x1

x2

x3

x4

2
666664

3
777775

|fflffl{zfflffl}
x1

¼ 0

where @ :¼ d=dt; and the system

S2 :

�1 @þ 1 0 0

1 �1 0 �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A2ð@Þ

x1

x2

x3

x4

2
666664

3
777775

|fflffl{zfflffl}
x2

¼ 0

arising from unimodular equivalent transformations on S1

�1 @þ 1 0 0

1 �1 0 �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A2ð@Þ

¼

1 0 0

�1 1 @

0 0 1

2
664

3
775

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Uð@Þ

�1 @þ 1 0 0

0 0 @ �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A1ð@Þ

It is explained in [14] that although this equivalence is valid in case when xi are C1 (or at least
‘smooth enough’) functions from R to R; it is not valid in the case of ‘smooth-impulsive’
behaviour. The first system has one input-decoupling zero at infinity, while the second system
has none. Note that the smooth-impulsive solution sets of the above systems are given by

B1 ¼ x1 ¼ c1

1

0

0

0

0
BBBBB@

1
CCCCCAdþ c2

1

0

0

1

0
BBBBB@

1
CCCCCAdþ

uþ pu

u

u

pu

0
BBBBB@

1
CCCCCAci 2 R; i ¼ 1; 2; u 2 ‘f

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
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B2 ¼ x2 ¼ a

1

0

0

1

0
BBBBB@

1
CCCCCAdþ

uþ pu

u

u

pu

0
BBBBB@

1
CCCCCA; a 2 R; u 2 ‘f

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

where p ¼ dð1Þ and ‘f is defined in Section 2. Obviously, therefore, unimodular equivalence does
not preserve the ‘impulsive’ behaviour of the systems and so a restriction of it is required.

Our approach to the problem of equivalence of non-regular AR-representations has, as a
starting point, the relation between the smooth-impulsive behaviours of such systems. We should
note that the notion of fundamental equivalence proposed here ensures the smooth-impulsive
behaviours of the two systems are identical. We establish that the matrix conditions guaranteeing
fundamental equivalence coincide with those of full unimodular equivalence (presented in Section 3),
which is a special case of full matrix equivalence presented in [19]. This provides a natural
connection between the behavioural setting and the theory of polynomial matrix transformations.

2. PRELIMINARY RESULTS

In what follows R;C denote the fields of real and complex numbers, respectively, R½s� the ring of
polynomials with real coefficients and RðsÞ the field of real rational functions. Following [14–18]
we adopt the class of impulsive-smooth distributions ð‘impÞ; as the ‘function space’ for our
purposes. We review some of the key points of this theory.

The class ‘imp consists of distributions that are linear combinations of a smooth function and
a purely impulsive distribution. The purely impulsive part is essentially any finite linear
combination of the Dirac delta distribution d; and its (distributional) derivatives dðiÞ; i51:
A smooth distribution corresponds to a function that is smooth on Rþ and 0 elsewhere.
A smooth function f ðtÞ on Rþ is arbitrarily often differentiable on ð0;þ1Þ and the limit limt#0

f ðjÞðtÞ exists and it is finite for every j50: The class ‘imp; equipped with distributional
convolution ð*Þ as multiplication, is a commutative algebra over R with d as the unit element
and thus closed under differentiation (convolution with dð1Þ) and integration (convolution with
h ¼ dð�1Þ; the Heaviside unit step distribution). Furthermore, ‘imp can be decomposed to a direct
sum of two subalgebras ‘p�imp the purely impulsive distributions (linear combinations of d
and its distributional derivatives) and ‘sm the smooth distributions. f 2 ‘imp can be written
uniquely as f ¼ f1 þ f2 where its impulsive part is f1 and its smooth part is f2: Then
f ð0þÞ :¼ limt#0 f2ðtÞ ¼ f2ð0þÞ: If f 2 ‘sm; then the distributional derivative of f ; f *d

ð1Þ; equals
f ð1Þ þ f ð0þÞ (with f ð0þÞ ¼ f ð0þÞd), where f ðiÞ denotes the distribution that corresponds to the
ordinary ith derivative of f on Rþ: For more on the properties of ‘imp see [20, 21].

Consider a non-regular linear time-invariant system described by the AR-representation

S : Að@ÞxðtÞ ¼ 0; t 2 ½0;þ1Þ ð1Þ

where @ ¼ d=dt is the differential operator (interpreted as right-hand differentiation at the
origin), xðtÞ 2 Rm and Að@Þ ¼ Aq@q þ � � � þ A1@þ A0 2 Rk�m½@� has rankRðsÞAðsÞ ¼ r and Aq=0:
Non-regular is used here either for non-square, or square but not invertible, polynomial matrices
(and AR-representations accordingly).
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The aim is to obtain a fully algebraic treatment of the above systems so we denote 1 ¼ d;
p ¼ dð1Þ and in general, pi ¼ dðiÞ; i 2 Z while convolution will be implied by juxtaposition
of distributions and the distributional derivative of f 2 ‘imp; f *d

ð1Þ; is thus written as pf :
Hence pf ¼ f ð1Þ þ f ð0þÞ if f 2 ‘sm and pif ¼ f ðiÞ þ

Pi�1
j¼0 pjf ði�1�jÞð0þÞ; i51: It should be

mentioned that the operator p is not equal to the Heaviside operator @ ¼ d=dt: In order to
conform with the above distributional framework we introduce as in [18, 14] the distribu-
tional version of (1)

AðpÞx ¼ Sq�1ðpÞXA
%x0 ð2Þ

where Sq�1ðpÞ ¼ ½Ipq�1 � � � Ip I �

%x0 ¼

x0;0

..

.

x0;q�1

2
6664

3
7775 and XA ¼

Aq � � � 0

..

. . .
. ..

.

A1 � � � Aq

2
6664

3
7775 ð3Þ

while x 2 ‘mimp are vector distributions in ‘imp and x0;j 2 Rm are arbitrary real vectors which have
to be interpreted as the initial values of Equation (2), i.e. the values of the jth derivative of xðtÞ
‘at t ¼ 0�’, immediately before starting the dynamic process given by (1). The vector %x0 will be
termed the initial value of x; while XA

%x0 will be termed the initial condition for x; for reasons
which will become apparent subsequently. Accordingly the real vector space X ¼ RðXAÞ will be
termed the initial condition space of (2). For each %x0 2 Rqm we define the solution set

Bð%x0Þ :¼ fx 2 ‘mimp : AðpÞx ¼ Sq�1ðpÞXA
%x0g

and every x 2 Bð%x0Þ is called a solution of (2) for %x0: An important feature of non-regular systems
of the form (2) is that they are not in general solvable for every initial value (and thus initial
condition) of x: This can be seen in the following example.

Example 2
Let

@

1

" #
xðtÞ ¼ 0; t 2 ½0;þ1Þ ð4Þ

The distributional version of (4) is then

p

1

" #
x ¼

1

0

" #
x00 ð5Þ

The first equation gives x ¼ hx00 where h is the Heaviside unit step, while the second one gives
x ¼ 0: Obviously, the two equations are incompatible for x00=0: Thus, system (5) does not
always possess a solution for every initial value x00:

Definition 3 (Geerts [17, 18])
(1) is C-solvable (control-solvable) for x 2 ‘mimp if

8%x0 2 Rqm ðand thus XA
%x0Þ : Bð%x0Þ=|
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The solvability requirement is reasonable in our case where we study equivalence of systems
through their solution spaces (behaviours).

Let

‘f :¼ ff 2 ‘imp : f ¼ f1f
�1
2 ; f1; f2 2 ‘p�imp; f2=0g

be the subalgebra of fractional impulses. Then we have the following basic result [22]:

Lemma 4
Let TðsÞ 2 Rk1�k2 ðsÞ; ZðsÞ 2 R1�k1 ðsÞ;wðsÞ 2 Rk2�1ðsÞ and let TðpÞ; ZðpÞ;wðpÞ be the corresponding
distributional matrices, then

ZðsÞTðsÞ ¼ 0 , ZðpÞTðpÞ ¼ 0

TðsÞwðsÞ ¼ 0 , TðpÞwðpÞ ¼ 0

The characterization of C-solvable systems is,

Theorem 5
The non-regular AR-representation (2) is C-solvable iff all the left minimal indices of AðsÞ are zero.

Proof
(if) Assume that (2) is C-solvable and there exists a left minimal polynomial basis of AðsÞ;
fv1ðsÞ; v2ðsÞ; . . . ; vk�rðsÞg; where the row vectors vjðsÞ ¼ vjZj s

Zj þ � � � þ vj0 2 R1�k½s� and Zj are the
left minimal indices of AðsÞ: Furthermore, we assume that the vectors vjðsÞ are ordered in
descending order, i.e. Z15Z25 � � �5Zk�r: Then the polynomial matrix

VðsÞ ¼

v1ðsÞ

..

.

vk�rðsÞ

2
6664

3
7775

has full normal row rank, no finite zeros, is row proper and

VðsÞAðsÞ ¼ 0 ð6Þ

Assume now that Z1 > 0; i.e. that there exists at least one left minimal index of AðsÞ of
order greater than zero. We look for a contradiction. Since (2) is C-solvable for every initial
condition it holds for every XA

%x0: From Lemma 4, we have that VðsÞAðsÞ ¼ 0 is equivalent to
VðpÞAðpÞ ¼ 0: Premultiplying (2) by VðpÞ we have

VðpÞSq�1ðpÞXAi
%x0 ¼ 0 8%x0

or equivalently by Lemma 4,

VðsÞSq�1ðsÞXAi
¼ 0 ð7Þ

Equating the coefficients of s0 in (6) and (7) implies V0A0 ¼ 0 and V0Aj ¼ 0; j ¼ 1; 2; . . . ; q:
Thus V0Aj ¼ 0; for all j ¼ 0; 1; 2; . . . ; q: Equating successively the coefficients of s1; s2; . . . ; sZ1
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in (6), (7) and making use of the corresponding relations for coefficients of VðsÞ of lower
order, we get

ViAj ¼ 0 8i ¼ 0; 1; . . . ; Z1 8j ¼ 0; 1; . . . ; q ð8Þ

Now since VðsÞ is row proper we can write

VðsÞ ¼ diagfsZ1 ; sZ2 ; . . . ; sZk�rg½V �hr þ flower order termsg

where ½V �hr is a constant full row rank matrix, with its ith row being the ith row of VZi : In view of
(8) it is obvious that

½V �hrAðsÞ ¼ 0

The matrix ½V �hr thus satisfies all the properties of a left minimal polynomial basis of AðsÞ and its
row orders are obviously less than the corresponding ones of VðsÞ: This is a contradiction since
VðsÞ is assumed to be minimal. Thus Z1 ¼ 0 and Zj ¼ 0 for every j ¼ 0; 1; . . . ; k� r; which
completes the proof of the (if) part.

(only if) Assume that Zj ¼ 0 for every j ¼ 0; 1; . . . ; k� r: Then 9 a constant left minimal
polynomial basis of AðsÞ; V 2 Rðk�rÞ�k: Thus, 9 a constant square, invertible matrix W having as
its last k� r rows the rows of V such that

WAðsÞ ¼
%AðsÞ

0

" #
ð9Þ

where %AðsÞ 2 Rr�m½s� is a full row rank rational matrix. We can also write

AðsÞ ¼ %W %AðsÞ , Aj ¼ %W %Aj ; j ¼ 0; 1; . . . ; q ð10Þ

where %W 2 Rp�r is the matrix consisting of the first r columns of W�1: Consider now the
equation

%AðpÞx ¼ %Sq�1ðpÞX %A
%x0 ð11Þ

where %Sq�1ðpÞ ¼ ½pq�1Ir; . . . ; Ir� and X %A; %x0 as in (3). The above equation is C-solvable simply
because %AðpÞ has full row rank and thus the fractional impulse space (rational vector space)
spanned by %Sq�1X %A is always contained in the corresponding space spanned by %AðpÞ (see
Proposition 2.7, [18]). Premultiplying both sides of (11) by %W and using (10), we get

AðpÞx ¼ %W %Sq�1ðpÞX %A
%x0

Now %W %Sq�1ðpÞ ¼ Sq�1ðpÞ diagf %W ; %W ; . . . ; %Wg; where Sq�1ðpÞ ¼ ½pq�1Ip; . . . ; Ip�: Using again
(10) we have

AðpÞx ¼ Sq�1ðpÞXA
%x0 ð12Þ

Thus, every solution of (11) is also a solution of (12). Since (11) is solvable for every initial
condition so is (12). &

The above result gives a characterization of solvability of non-regular AR-representations in
terms of the structural invariants of the polynomial matrix AðsÞ; and is a generalization of the
corresponding conditions appearing in [17, 18].

As it is clear from Theorem 5, a special case of solvable systems is described by (2), with
rankAðsÞ ¼ k ¼ r; i.e. full row rank. Actually, as the following corollary suggests, the class of
full row rank systems is wide enough for our purposes.
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Corollary 6
Every C-solvable system of the form (2) can be replaced to an equivalent full row rank system,
which has the same solution space as (2).

Proof
The proof is straightforward in view of the proof of the ‘only if’ part of Theorem 5. &

It follows that the full row rank assumption can be made without loss of generality for
solvable systems. Thus, we restrict ourselves in the sequel to the case, rankAðsÞ ¼ k ¼ r:

Following the terminology of [18] we denote by B the solution space or behaviour of S; i.e.

B ¼ fx 2 ‘mimp : AðpÞx ¼ Sq�1ðpÞXA
%x0 ð13Þ

8%x0 ¼ ðx
T
00 xT01 . . . xT0ðq�1ÞÞ

T 2 Rqmg ð14Þ

In the case where AðpÞ is square and non-singular,B is finite dimensional and its dimension is equal
to the total number of finite ðnÞ and infinite zeros ð#qÞ of AðpÞ (multiplicities accounted for) [23] i.e.

dimB ¼ nþ #q

In the more general case, where AðpÞ contains a right null space structure, B is infinite
dimensional. This is easy to see if we consider any fractional impulse lying in kerAðpÞ:
Obviously, the fractional impulse vector distribution satisfies (2) and kerAðpÞ is an infinite
dimensional vector space over ‘f : Let

Z ¼ fx 2 B : XA
%x0 ¼ 0g ð15Þ

i.e. the subspace of B which contains the solutions having zero initial conditions. The fact that
there are solutions corresponding to zero initial conditions is somehow unnatural, since what is
usually expected from a system of homogeneous differential equations is its non-trivial solutions
to be triggered by non-zero initial conditions. An alternative interpretation to the question of
what constitutes the solution space of non-regular systems, which overcomes this problem, has
been proposed in [24]. According to this approach, the trajectory space B can be partitioned
according to the relation

x� x0 , XA
%x0 ¼ XA

%x00 ð16Þ

It is easy to see that ‘�’ is an equivalence relation and the resulting equivalence classes consist of
distributional solutions of (2) that correspond to the same initial condition vector XA

%x0: If
x 2 B; write

½x� ¼ xþZ ð17Þ

where Z ¼ ½0B� and ½x� is the equivalence class of x: By B=Z we denote the quotient space of B
over Z; i.e. the set of all equivalence classes of B: It can be proved [24], that B=Z is a finite
dimensional vector space over R which can be decomposed as follows:

B=Z ¼ ðBC�B1 �BeÞ=Z ¼ BC=Z�B1=Z�Be=Z ð18Þ

where BC;B1;Be are finite dimensional distributional spaces corresponding to the finite zero
structure, the infinite zero structure and the right minimal indices of AðsÞ: Actually B=Z; is the
finite dimensional sectional of the infinite dimensional vector space B: The dimensions of the
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BC=Z;B1=Z;Be=Z spaces are n; #q and e; respectively, where n; #q and e are the total number
of finite zeros, infinite zeros and right minimal indices of AðsÞ (multiplicities accounted for).
Furthermore, it can be shown that the dimension of B=Z is

dimB=Z ¼
½24�

nþ #qþ e¼
½4�
dMðAðsÞÞ ð19Þ

where dMðAðsÞÞ ¼ rankRXA denotes the McMillan degree of AðsÞ: In the general case, where AðsÞ
has not necessarily full row rank then it is known [4] that dMðAðsÞÞ ¼ nþ #qþ eþ Z where Z
denotes the total number of left minimal indices (multiplicities accounted for). As a result of this
discussion, we call B=Z¼4 %B the quotient solution space of (2).

Note that according to the above definitions, there is a one-to-one correspondence between
the initial condition vectors XA

%x0 and the elements of %B; and thus an isomorphism between the
initial conditions space X and the quotient solution space. On this basis the quotient solution
space is a finite dimensional view of the actual solution space (behaviour) of the
AR-representation (2). The behaviour itself is of course, an infinite dimensional and complete
view of the solution space.

3. FUNDAMENTAL EQUIVALENCE

The aim of this section is to establish a connection between the existing theory of matrix
equivalence and the behavioural framework. In the case where both the smooth-impulsive
solution set is of interest, we need a restriction of the unimodular equivalence transformation.

Definition 7
P1ðsÞ; P2ðsÞ 2 R½s�r�m are said to be fully unimodular equivalent (FE) if 9 a unimodular matrix
UðsÞ 2 R½s�r�r such that

UðsÞP1ðsÞ ¼ P2ðsÞ

where the compound matrix ½UðsÞ P2ðsÞ�

(i) has no infinite zeros
(ii) dM ½UðsÞ P2ðsÞ� ¼ dM ½P2ðsÞ� where dMð�Þ indicates the McMillan degree of the indicated

matrix.

Full unimodular equivalence is a special case of full system equivalence [25] and thus has the
nice property of preserving the finite and infinite zero structure of polynomial matrices (see [19])
in contrast to unimodular equivalence which preserves only the finite aspects.

We now introduce a notion of equivalence using a solution space approach, and in this way
we provide a direct dynamical interpretation of the conditions appearing in Definition 7. We
give the following definition.

Definition 8
Let the systems be described by

Si : Aið@ÞxiðtÞ ¼ 0; t 2 ½0;þ1Þ; i ¼ 1; 2

where @ ¼ d=dt is the differential operator, xiðtÞ 2 Rm and Aið@Þ ¼ Aiq@q þ � � � þ Ai1@þ Ai0 2
Rr�m½@�; i ¼ 1; 2 is a polynomial matrix with rankRðsÞ AiðsÞ ¼ r and Aiq not both identically zero,
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and let the distributional version of the above systems be the following [18]:

Si : AiðpÞxi ¼ Sq�1ðpÞXAi
%xi0

where xi 2 ‘
mi

imp are vector distributions in ‘imp: Define also as

Bi :¼ fxi 2 ‘
mi

imp : AiðpÞxi ¼ Sq�1ðpÞXAi
%xi0g; i ¼ 1; 2

The systems Si are fundamentally equivalent iff B1 ¼ B2:

Fundamental equivalence extends the notion of [10] to the ‘smooth-impulsive’ solution set.
We are interested in the conditions under which B1 � B2: We need the following

Lemma 9
If UðsÞ;A1ðsÞ;A2ðsÞ are polynomial matrices of appropriate dimensions such that

UðsÞA1ðsÞ ¼ A2ðsÞ ð20Þ

then

XUXA1
¼ 0

%UXA1
¼XA2

� XU %A1

ð21Þ

where

XP ¼

Pq � � � 0

..

. . .
. ..

.

P1 � � � Pq

2
6664

3
7775; %P ¼

P0 � � � Pq�1

..

. . .
. ..

.

0 � � � P0

2
6664

3
7775

and PðsÞ ¼ Pqs
q þ � � � þ P0 is any of the matrices A1ðsÞ;A2ðsÞ;UðsÞ (assuming without loss of

generality that all the above matrices have the same degree q).

Proof
The proof is straightforward by equating like powers of s in (20). &

Theorem 10
The following statements are equivalent:

(i) B1 � B2

(ii) 9UðsÞ 2 Rr�r½s� : UðsÞA1ðsÞ ¼ A2ðsÞ and dM ½UðsÞ;A2ðsÞ� ¼ dMðA2ðsÞÞ:

Proof
Assume B1 � B2: Then the same inclusion property will hold for #B1 � #B2 where

#Bi :¼ fxi 2 ‘
mi
sm : AiðpÞxi ¼ Sq�1ðpÞXAi

%xi0g; i ¼ 1; 2

Thus, from [26, p. 36, Lemma 3.7] we have

9UðsÞ 2 Rr�r½s� : UðsÞA1ðsÞ ¼ A2ðsÞ ð22Þ

Furthermore, let x1 2 B1: Then x1 satisfies

A1ðpÞx1 ¼ Sq�1ðpÞXA1
%x10 ð23Þ
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Since B1 � B2 holds, x1 must satisfy

A2ðpÞx2 ¼ Sq�1ðpÞXA2
%x20 ð24Þ

which from (23) gives

A2ðpÞx1 ¼ Sq�1ðpÞXA2
%x20 ð25Þ

or equivalently using (22)

UðpÞA1ðpÞx1 ¼ Sq�1ðpÞXA2
%x2p ð26Þ

and finally using (23)

UðpÞSq�1ðpÞXA1
%x10 ¼ Sq�1ðpÞXA2

%x20 ð27Þ

Now equating powers of p in the above equation we obtain

ðXUXA1
Þ%x10 ¼ 0

XA2
%x20 ¼ð %UXA1

Þ%x10
ð28Þ

which in view of (21), reduce to

XA2
%x20 ¼ ðXA2

� XU %A1Þ%x10 ð29Þ

Since the above equation is solvable for %x20; we conclude that

RðXU %A1Þ � RðXA2
Þ ð30Þ

Notice that since A1ðsÞ has full row rank the same will hold for ½ %A1;XA1
� (see [23]). Thus,

RðXUÞ ¼ RðXU ½ %A1;XA1
�Þ ¼ RðXU %A1Þ þRðXUXA1

Þ ¼ RðXU %A1Þ: Thus, we obtain

RðXUÞ � RðXA2
Þ

which implies that

rank½XU ;XA2
� ¼ rankXA2

i.e.

dM ½UðsÞ;A2ðsÞ� ¼ dMðA2ðsÞÞ ð31Þ

which proves that (i) implies (ii).
Conversely, if (ii) holds it is easy to check that Equations (31)–(27) are equivalent. Then if

x1 2 B1; Equation (23) is satisfied and thus (26) holds, which in view of (22) implies successively
(25) and (24) which verifies that x2 2 B2: &

An interesting map connects the initial condition spaces of the two systems as described by
the following.

Corollary 11
If B1 � B2 then an induced injective mapping between the initial conditions of the two systems
is given by

XA2
%x20 ¼ %UðXA1

%x10Þ ð32Þ
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and thus

%URðXA1
Þ � RðXA2

Þ ð33Þ

Proof
Equation (32) is simply the second equation of (28). Obviously (33) must hold since (32) is
solvable with respect to %x20: &

In case B1 ¼ B2 then UðsÞ is unimodular and thus det ðU0Þ ¼ det ðUð0ÞÞ=0 or equivalently
the matrix %U is invertible and thus (32) is an injective map (not necessarily surjective) between
the initial condition spaces and (33) reduces to RðXA1

Þ � RðXA2
Þ:

Example 12
Consider the Example 1. We have the following injective map between the initial condition spaces:

0 1 0 0

0 0 1 0

0 0 0 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
XA1

x11

x21

x31

x41

2
666664

3
777775

|fflfflffl{zfflfflffl}
x10

¼

1 0 0

�1 1 0

0 0 1

2
664

3
775

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
U0

0 1 0 0

0 0 0 0

0 0 0 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
XA2

x12

x22

x32

x42

2
666664

3
777775

|fflfflffl{zfflfflffl}
x20

since the matrix UðsÞ is unimodular. However, note that the dimension of the initial condition
space XA1

x1 is 2, which is different from the dimension of the initial condition space XA2
x2 which

is 1, and thus the map U0 although is injective it is not surjective.

According to Theorem 10 if additionally B2 � B1 then 9VðsÞ 2 Rr�r½s� : VðsÞA2ðsÞ ¼ A1ðsÞ
and dM ½VðsÞ;A1ðsÞ� ¼ dMðA1ðsÞÞ and thus, VðsÞA2ðsÞ ¼ A1ðsÞ , VðsÞUðsÞA1ðsÞ ¼ A1ðsÞ ,
ðVðsÞUðsÞ � IÞA1ðsÞ ¼ 0: Since A1ðsÞ has full row rank then UðsÞ 2 Rr�r½s� defined in the above
Theorem is unimodular (see also [26]). According to Corollary 11 we have from the above
relation that RðXA2

Þ � RðXA1
Þ and thus RðXA1

Þ ¼ RðXA2
Þ or otherwise dMðA1ðsÞÞ ¼ dMðA2ðsÞÞ:

Therefore, an isomorphism exists between the initial condition spaces of the two systems. The
McMillan degree condition of full unimodular equivalence thus ensures that the dimension of
the initial condition space remains invariant under the particular unimodular equivalence
transformation, UðsÞ; which acts between the matrices describing the behaviour.

The inclusion (33) ensures that the image of every initial condition of S1 is mapped through
%U; to an initial condition of S2: The following corollary guarantees that every solution of S1

starting from the zero initial condition will be mapped to a zero initial condition solution of S2:

Corollary 13
If B1 � B2 then

Z1 �Z2 ð34Þ

where

Zi ¼ fxi 2 Bi : XAi
%xi0 ¼ 0g; i ¼ 1; 2
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4. INDUCED MAPS OF FUNDAMENTAL EQUIVALENCE

Suppose that B1 � B2 and thus from Corollary 13 Z1 � Z2: Then there exists a unique
mapping between the quotient solution spaces

In : ½x1� 2 B1=Z1/½x2� 2 B2=Z2 ð35Þ

such that the diagram

B1 !I B2

IB1
# # IB2

B1=Z1
!
I n B2=Z2

is commutative, where I is the unit map and In is its restriction to Bi=Zi: IB1
; IB2

are the natural
projections. Note that In is injective iff Z1 ¼ I�1ðZ2Þ and surjective iff Z2 þ im I ¼ B2:
Furthermore B1 � B2 implies that restriction of the I to Z1; denoted In; maps Z1 into Z2:We
need the conditions for In to be a bijection. Note that B1;B2 are infinite dimensional and it
turns out to be easier to study the properties of I through the structures of In and In: The map I
is injective by definition. We note the following.

Theorem 14
Let In; In be the maps defined above, then In; In are surjective ) I is bijective

Furthermore we have

Theorem 15
Let In; In be the maps defined above, then

(i) If I is surjective then In is surjective.
(ii) If In is surjective then In is injective.
(iii) The map In is injective.
(iv) If I is surjective and In is injective then In is surjective.

The above theorems give a complete picture of the conditions for In; In to be bijections. It
is clear that the injectiveness of In (surjectiveness of In) is not a direct consequence of the
injectiveness (surjectiveness) of the unit map I : Nevertheless the following is true.

Corollary 16
Let I : B1 ! B2 and In; In be the maps defined above, then

I is bijection , In and In are bijective

We establish the properties of I ; In and In; in terms of the matrices of the S1 and S2:

Theorem 17
For %U of (32) the following hold

(i) In is injective iff ker %U \RðXA1
Þ ¼ f0g:

(ii) In is surjective iff RðXA2
Þ ¼ %URðXA1

Þ:
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Proof
(i) Injectiveness of In means that In½x1� ¼Z2 ) ½x1� ¼Z1 or equivalently x1 2Z2 ) x1 2Z1:
If XA2

%x20 are the initial conditions corresponding to x2 ¼ x1 then the fact that x2 2Z2 means that
XA2

%x20 ¼ 0; which in view of (32) implies

%UXA1
%x10 ¼ 0 ð36Þ

Now obviously the requirement x1 2Z1 gives XA1
%x10 ¼ 0: Thus, In is injective iff Equation (36)

implies XA1
%x10 ¼ 0 for every x1; which establishes (i).

(ii) We first note that %URðXA1
Þ � RðXA2

Þ holds from (33). We thus need the reverse inclusion.
Now In is surjective iff for every x2 2 B2 there exists x1 2 B1 such that ½x2� ¼ In½x1� or
equivalently x2 � x1 2Z2: Following the proof of Theorem 10 we conclude that (32) should be
solvable for every initial condition XA2

%x20; hence the condition in (ii). &

If UðsÞ is unimodular then ker %U ¼ f0g; since detUð0Þ ¼ det ðU0Þ=0: Thus, (i) in Theorem 17
holds and so In is injective. For the surjectiveness of In (and thus bijectiveness, since it is
an injective map), note that Z1;Z2 are isomorphic to kerA1ðpÞ; kerA2ðpÞ; respectively,
which are finite dimensional vector spaces over ‘f having the same dimension i.e. m� r: Thus, In
is always surjective. Now I is always injective according to its definition. We can now
establish conditions under which two AR-representations are fundamentally equivalent. The
following is required.

Lemma 18
Let TðsÞ 2 Rk�ðkþrÞ½s�;VðsÞ 2 RðkþrÞ�r be polynomial matrices with rankRðsÞ TðsÞ ¼ k and rankRðsÞ

VðsÞ ¼ r; such that TðsÞVðsÞ ¼ 0: Furthermore, let VðsÞ have no zeros in C[ f1g and denote
by e ¼

Pr
i¼1 ei the sum of right minimal indices of TðsÞ: Then

e ¼ dMðVðsÞÞ ð37Þ

Proof
If VðsÞ is column proper then it forms a minimal basis of ker TðsÞ and its column degrees are the
orders of the poles at s ¼ 1 of VðsÞ (see [23]). The lemma then holds since the only poles of VðsÞ
are those at s ¼ 1:

Assume that VðsÞ is not column proper and let S1VðsÞðsÞ ¼ diagfsq1 ; sq2 ; . . . ; sqrg be its Smith–
McMillan form at s ¼ 1: It is known [23] that the orders of the poles at s ¼ 1 can be obtained
from the formula qi ¼ mi �mi�150; i ¼ 1; 2; . . . ; r where m0 ¼ 0 and mi ¼ max deg
fminors of order i of VðsÞg; i ¼ 1; 2; . . . ; r: It is easy to see that q ¼

Pr
i¼1 qi ¼ mr and since

VðsÞ is polynomial

dMðVðsÞÞ ¼ q ¼ mr ð38Þ

Consider now the unimodular matrix WðsÞ which reduces VðsÞ to %VðsÞ; which is column proper,
i.e. %VðsÞ ¼ VðsÞWðsÞ: Then %VðsÞ is a minimal basis of ker TðsÞ; with column degrees equal to the
right minimal indices of TðsÞ: Moreover, the column degrees of %VðsÞ will be the orders of its
poles at s ¼ 1: Thus, if %q is the total number of poles at s ¼ 1 then

%q ¼ e ¼ %mr ð39Þ
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where %mr ¼ max deg fminors of order r of %VðsÞg: Now the minors of order r of VðsÞ remain
invariant (up to multiplication by a non-zero constant) in %VðsÞ: Thus, %mr ¼ mr which in view of
(38), (39) proves the lemma. &

The main result is thus

Theorem 19
The systems in (2) are fundamentally equivalent iff there exists a unimodular matrix UðsÞ
satisfying

(i) UðsÞA1ðsÞ ¼ A2ðsÞ:
(ii) dM ½UðsÞ A2ðsÞ� ¼ dMðA2ðsÞÞ:
(iii) ½UðsÞ A2ðsÞ� have no zeros at s ¼ f1g:

Proof
(if) Assume that there exists the unit map I : B1 ! B2 satisfying (i)–(iii). Conditions (i)–(ii)
guarantee (see Theorem 10) that I is a well-defined map I : B1 ! B2: The restriction of I to Z1;
i.e. In; will be bijective since kerA1ðpÞ; kerA2ðpÞ have the same dimension over ‘f : Using
Theorem 15 shows that In is injective. Now write (i) as

½UðsÞ A2ðsÞ�
A1ðsÞ

�I

" #
¼ 0 ð40Þ

½UðsÞ A2ðsÞ� has full row rank and so the dimension of its kernel is dim ker ½UðsÞ A2ðsÞ� ¼
rþm� r ¼ m: The matrices in (40) satisfy Lemma 18, so

dM
A1ðsÞ

�I

" #
¼ e

where e is the sum of the right minimal indices of ½UðsÞ A2ðsÞ�: Now since ½UðsÞ A2ðsÞ� has no
zeros in C[ f1g;

dMð½UðsÞ A2ðsÞ�Þ ¼ e

Using the McMillan degree conditions in (ii) we conclude dMðA1ðsÞÞ ¼ dMðA2ðsÞÞ or equivalently
rankXA1

¼ rankXA2
: Combining this with the fact that In is injective and using statement (i) of

Theorem 17 and Equation (32) we obtain

rankXA2
¼ rankð %UXA1

Þ

From (33) we thus conclude that %URðXA1
Þ ¼ RðXA2

Þ; which is the necessary and sufficient
condition (Theorem 17, (ii)) for surjectiveness of In: The surjectiveness of I follows from
Theorem 14, which proves the sufficiency of (i)–(iii).

(only if) Assume now that the systems in (2) are fundamentally equivalent. Then conditions
(i)–(ii) holds since I is a well-defined map from B1 to B2: Since I is surjective, In will be
surjective, thus using (ii) of Theorem 17 we have

RðXA2
Þ ¼ %URðXA1

Þ

A. C. PUGH, E. N. ANTONIOU AND N. P. KARAMPETAKIS782

Copyright # 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:769–785

DOI: 10.1002/rnc



or equivalently

rankXA2
¼ rankð %UXA1

Þ

¼ rankXA1
� dimðker %U \RðXA1

ÞÞ

Hence

dimðker %U \RðXA1
ÞÞ ¼ dMA1ðsÞ � dMA2ðsÞ

¼ dM
A1ðsÞ

�I

" #
� dM ½UðsÞ A2ðsÞ� ð41Þ

Following similar lines as the (if) part it is easy to see that dM A1ðsÞ
�I

� �
¼ e and dM ½UðsÞ

A2ðsÞ� ¼ nþ #qþ e; where n; #q is the total number of finite and infinite zeros of ½UðsÞ A2ðsÞ�;
respectively, (note that ½UðsÞ A2ðsÞ� has full row rank since A2ðsÞ has full row rank). Now
(41) becomes

dimðker %U \RðXA1
ÞÞ ¼ �n� #q50 ð42Þ

which implies nþ #q ¼ 0; i.e. that ½UðsÞ A2ðsÞ� has no zeros in C[ f1g which proves condition
(iii). Moreover, from (42) we get dimðker %U \RðXA1

ÞÞ ¼ 0 or equivalently ker %U \RðXA1
Þ ¼

f0g; which by (i) of Theorem 17 implies that In is injective: Now it easy to see that In is injective
since I is injective and surjective because Theorem 17 is satisfied. &

Remark 20
Clearly, the conditions of the above theorem coincide with those in Definition 7. The structural
invariants of the matrices preserved by full unimodular equivalence i.e. finite and infinite zero
structure and right minimal indices will also therefore be preserved by fundamental equivalence.

The following result is a direct consequence of Theorem 19.

Corollary 21
If S1;S2 are fundamentally equivalent then I : B1 ! B2 induces a bijective map In between the
quotient solution spaces B1=Z1;B2=Z2 of the systems. Further the restriction of I to Z1;
In : Z1 !Z2; is bijective.

We have the following commutative diagram:

B1 !
p1

B1=Z1 !
f1

XA1

#I #In # %U

B2 !
p2

B2=Z2 !
f2

XA2

where I ; In and %U are the maps between the behaviours, the quotient solution spaces and the
initial conditions spaces, respectively. pi; i ¼ 1; 2 are the natural projections, fi; i ¼ 1; 2 are
the isomorphisms between the quotient solution spaces and the initial condition spaces, that is
the map that takes equivalence classes to their corresponding initial conditions.
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It is obvious that if I is a bijection, so that B1 ¼ B2; then due to Theorem 21, In will also be
an isomorphism and as a consequence of the commutativity of the diagram, %U will be bijective.
Thus, two fundamentally equivalent systems will also have isomorphic initial condition spaces.

Example 22
Note that the following unimodular transformation is valid:

1 0 0

0 1 �s

0 0 1

2
664

3
775

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
U1ðsÞ

�1 sþ 1 0 0

0 0 s �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A1ðsÞ

¼

�1 sþ 1 0 0

0 �s 2s �1

0 1 �1 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A2ðsÞ

since dMðU1ðsÞ A2ðsÞÞ ¼ 2 ¼ dMðA2ðsÞÞ and ½U1ðsÞ A2ðsÞ� has no infinite zeros. However, the
unimodular transformation of Example 1 is not valid since dMðUðsÞ A2ðsÞÞ ¼ 2=1 ¼ dMðA2ðsÞÞ:
Note that the bijective map between the initial conditions XAi

%xi0; i ¼ 1; 2 in the first case is given by

1 0 0

0 1 0

0 0 1

2
664

3
775

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
%U

0 1 0 0

0 0 1 0

0 0 0 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
XA1

x11

x21

x31

x41

2
666664

3
777775

|fflfflffl{zfflfflffl}
%x10

¼

0 1 0 0

0 �1 2 0

0 0 0 0

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
XA2

x12

x22

x32

x42

2
666664

3
777775

|fflfflffl{zfflfflffl}
%x20

which is now seen to be a bijection.

5. CONCLUSIONS

A characterization of C-solvability of a non-regular AR-representation in terms of the left minimal
structure of the polynomial matrix that describes the AR-representation is given and is a
generalization of the corresponding conditions appearing in [17, 18]. The definition of equivalence
between AR-representations that has been presented in the behavioural context by [10, 26] has been
extended to the case where the smooth-impulsive solution sets are of interest. An alternative
characterization of this equivalence, has been given in terms of a transformation between
polynomial matrices, named full unimodular equivalence. Full unimodular equivalence is a special
case of the known full matrix equivalence, appearing in [25], and has the nice property of
preserving both the finite and infinite zero structure and the right minimal indices of the associated
polynomial matrices. These invariants are playing a key role in the description of the smooth-
impulsive behaviour of AR-representations [24]. In this sense, fundamental equivalence of non-
regular systems provides a dynamical interpretation of known algebraic results.

REFERENCES

1. Rosenbrock HH. State Space and Multivariable Theory. Nelson: London, 1970.
2. Fuhrmann PA. On strict system equivalence and similarity. International Journal of Control 1977; 25:5–10.

A. C. PUGH, E. N. ANTONIOU AND N. P. KARAMPETAKIS784

Copyright # 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:769–785

DOI: 10.1002/rnc



3. Pernebo L. Notes on strict system equivalence. International Journal of Control 1977; 25(1):21–38.
4. Verghese GC. A generalized state-space for singular systems. IEEE Transactions on Automatic Control 1981;

AC-26(4):811–831.
5. Pugh AC, Hayton GE, Fretwell P. On transformation of matrix pencils and implications in linear systems theory.

International Journal of Control 1987; 45:529–548.
6. Hayton GE, Fretwell P, Pugh AC. Fundamental notion of equivalence of generalized state space systems. IEEE

Transactions on Automatic Control 1986; 31(5):431–439.
7. Pugh AC, Karampetakis NP, Vardulakis AIG, Hayton GE. A fundamental notion of equivalence for linear

multivariable systems. IEEE Transactions on Automatic Control 1994; 39(5):1141–1145.
8. Willems JC. Paradigms and puzzles in the theory of dynamical systems. IEEE Transactions on Automatic Control

1991; 36:259–294.
9. Willems JC. From time series to linear systems}Part I. Finite dimensional time invariant systems. Automatica 1986;

22:561–580.
10. Polderman JW, Willems JC. Introduction to Mathematical System Theory. Springer: New York, 1997.
11. Fuhrmann PA. On behavior homomorphisms and system equivalence. System and Control Letters 2001; 44:127–134.
12. Fuhrmann PA. A study of behaviors. Linear Algebra and its Applications 2002; 351–352:303–380.
13. Fuhrmann PA. A note on continuous behavior homomorphisms. System and Control Letters 2003; 49:359–363.
14. Bourles H. A new look on poles and zeros at infinity in the light of systems’ interconnections. Proceedings of the IEE

CDC, Las Vegas, December 2002.
15. Geerts T, Schumacher JM. Impulsive-smooth behavior in multimode systems. Part I: state-space and polynomial

representations. Automatica 1996; 32(5):747–758.
16. Geerts T, Schumacher JM. Impulsive}smooth behaviour in multimode systems. Part II: minimality and

equivalence. Automatica 1996; 32(6):819–832.
17. Geerts T. Solvability conditions, consistency and week consistency for linear differential}algebraic and time

invariant singular systems: the general case. Linear Algebra and its Applications 1993; 181:111–130.
18. Geerts T. Higher-order continuous time implicit systems: consistency and week consistency, impulse controllability

geometric concepts, and invertibility properties. Linear Algebra and its Applications 1996; 244:203–253.
19. Hayton GE, Pugh AC, Fretwell P. Infinite elementary divisors of a matrix polynomial and implications.

International Journal of Control 1988; 47(1):53–64.
20. Hautus MLJ. The formal Laplace transform for smooth linear systems. In Mathematical Systems Theory,

Marchesini G, Mitter SK (eds). Lecture Notes in Economics and Mathematical Systems, vol. 131. Springer: New
York, 1976; 29–47.

21. Hautus MLJ, Silverman LM. System structure and singular control. Linear Algebra and its Applications 1983;
50:369–402.

22. Geerts T. Invariant subspaces and invertibility properties for singular systems: the general case. Linear Algebra and
its Applications 1993; 183:61–88.

23. Vardulakis AIG. Linear Multivariable Control}Algebraic Analysis and Synthesis Methods. Wiley: New York, 1991.
24. Karampetakis NP, Vardulakis AIG. On the solution space of continues time AR representations. Proceedings of the

2nd European Control Conference-ECC ’93, Groningen, 1993; 1784–1789.
25. Hayton GE, Pugh AC, Fretwell P. Infinite elementary divisors of a matrix polynomial and implications.

International Journal of Control 1988; 47(1):53–64.
26. Kuijper M. First Order Representations of Linear Systems. Birkhauser: Boston, 1994.

EQUIVALENCE OF AR-REPRESENTATIONS 785

Copyright # 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:769–785

DOI: 10.1002/rnc


