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The objective of this paper is to determine a closed formula for the solution of a continucus time
AutoRegressive Moving Average (ARMA) Representation. The importance of the above formula
is that it gives rise to the solution of analysis, synthesis and design problems.
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1. Introduction.

Consider the nonhomogeneous system of
linear algebraic and differential  equations
described in matrix form by :

Alp) ¥(t) = B(p) u(t) (11).
where pi=d/dt denotes the differential operator

e p y(t)=dy(t)/dt, A(P):A0+AIP+“+AQPQ

I

eR[p)"T with rankp AR)=T B(p)=By+B p++

+B o R, y(6):(0—+w)—R’ is the output of

the system and u[t):(O——,+m}——+mm is the input of
the system, a piecewise sufficiently differentiable
function. Following the terminology of Willems
(1991) we call the set of equations {1.1) an
ARMA representation {AutoRegressive Moving
Average representation) of B (behaviour), where B
is the solution space of equations (1.1) defined by

B = «Y{Bf) {1.2a)
with

Bf = {(3(t), u(t)) : (0—+m) — R'xR™ |
(ARMA) is satisfied Vt€(0—,+m)}
and

rg  ROR™ — R yy(2), u()) = y(1)
(1.2b)
In case where A(p}:pE—AE[R[p}rxr and
B(p)=BER"™ then the ARMA representation

(1.1) is the known generalized state space
representation
d
E _3-{;—)- — A x(t) + Bu(t) (1.3)

while in case where det[E]#0, (1.3} is the known

state space representation. For a survey of
singuiar systems of the form (1.3} see Lewis
11986).

ARMA representations of the form (1.1)

find numerous applications in analysis of circuits

(Newcomb 1981), neural networks (DeClaris et al
1984), economics (the Leontieff model, see
Luenberger 1977), power systems (Stott 1979)
e.t.c. Analytic solutions of the ARMA
representation (1.3) has been derived by many
different techniques (Luenberger 1977, Campbell
et al 1977, Campbell 1980, Yip & Sincovec 1881,
Cobb 1080, 1982) while the numerical solution of
the same system has been treated by Gear (1971],
Brayton et al {1972), Sincovec et al (1981) and
others. Following similar lines with Vardulakis
(1991) we produce a closed formula for the
solution of the general ARMA representation (1.1]
in terms of the fundamental matrix Hy of the

matrix A{s)_l (which can be easily calculated
according to Fragulis et al (1991)), and the finite
and infinite Jordan pairs of A{s). More specifically
in section 3 and 4 we derive a closed formula for
the homogenecous and forced response respectively
of the ARMA representation (1.1} while in section
5 we derive a closed formula for the whole
response of (1.1).

2. Problem formulation.
Consider the Autoregressive Moving Average
Representation (ARMA—Representation) :

A(p) y(t) = B(p) u(t) (2.1)

where p denotes the differential operator,
Alp)=Ay+Ap+e - o+qu‘iE!R[p]’”,
with det[A(p)]#0  (2.2a)
B(p)=B,+B o+ - - +BpseR]" T, (2.2b)

v(t) @ (0—+w) — R" is the "output" of the

ARMA representation and u(t) : {(0—+o) — R
is the "input" of the ARMA representation, where
{H; i€l} be the fundamental matrix sequence ai

infinity of A(s}-_ which is easily implemented
rxn o pRXn

(Fragulis at al 1991) and (CER™ 7, J€

1
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nxr rxp pxp RAXT .
BeR™ ), (CER 7, 3 €R™Y, B €R™) be its
finite and infinite Jordan pairs respectively :

- q 1
A 1(s):H'?l sqr+' '+Hls+HD+H-1T+
r

-1

-1
=C, (I~ ) "B_+ C(sI,—1) B

(2.3)

1
+H—2_;2+° :

I PROBLEM

(2.1)—2.3) find out an easily implemented closed
formula solution for the ARMA-—representation
(2.1).

Based on the equations

3. Closed formula for the solution of the
AR~—tepresentation A(p)yp .(t)=0.

From Vardulakis (1991) we obtain
Yhom(t) to be the following
In case where g(gﬂr
q,—1
Thoa(tl== 189 V)1,... r,) «
rE{rzl 0 1
r
H. . H- 0
g1 qr
x - - H- x
s=qr s—qr+l qr
_H] H? Hq |
AO Al . Aq—l y{(0-)
. (1]
0 g, | e
0 0 " Ay yea-bg—)
1t ig 19 % gy
A 0 - 0 (0—
a y(0-)
A (1 (p-
_aq—1 Aq v Y (0-) (3.1a)

[n case where g}g‘r

y;mm(t)=~[émrl)(iﬂr‘é[q’i
157

qr
H- H~ -- 0
x .qr_1 qr . x
H1 H2 . Ha.r
A - A .
Ao A Ag—1 -+ A y(0=)
0 A - A (L1 (p-
PR T P R B LA
0 0 - A - A . (gq-1)(p—
0 a—q A (0—=)
(3.1b)
+odtpt s 19 %, By«
A Q- 0 0-)
q y(0-)
A A - i} CU{0-)
x| Aqe1 B y D (0-)
.- (g-1l{p—
Al A2 Aq ylta-tig—)
The above solution will be free of

impulsive terms in case where the coefficients of
the impulse terms in (3.1) are equal to zero or
equivalently when the initial conditions {y(0),
yt (), ..., y' a7 {0)} of the system (2.1) belong
to the following space H.,

In case where g<gAr

o O
¢
H. H. 0
Y(G_) :qr"' 'QI
(1) - )
Ho={ ¥ (O |jg . : . H-
s—qr s—qr+l ar
[qﬂ](g_)
y
H H H
L1 2 q |
AU Al . Aq——l y(0-}
[ -
b4 Agma | [ YT Ly
0 0 -AU yla-1 o)
(3.22)
In case where a>qg.
v (0=) H.- 0 0
Ar
yUU (0= H. H- i
Hig: o) R
via T (=) H1 H2 . HEE |




AgA Air—l - y(0-)
e A (L) (p-
o B S T I LA Y
0 0 --A_  --A - ||yta-v (0=
0 - (0-)
(3.2b)

or equivalently

Hyy = yi i)(D} (i=0,1,...a—1) :

q, g-i+k—1
¥ 3

H.A.yti4k) 0] =0,
55 [EAptiRE

k=1,2,..,ar} (3.3)

Definition 1. H;, is called the admissible initial

condition space of (2.1) under zero inputs. O

If {y(0), y*1(0),...,y 971 (0)} belongs to

H;, then the solution of the homogeneous system

(2.1) will be, according to (3.1}, the following

Yhom(t=Ce’ B¥'B, 197 %B,.., B]x

A, Q-+ 0 v (0=)
P S1) -
o B DA | L
tg-1){p—
Al A, A':1 ¥ (0—)

4. Closed formula for the forced response of
the ARMA-representation A(p)y,(t)=

B(p)u(t).

In this section we examine the forced
response of the system (2.1). Taking Laplace
transforms in (2.1) and assuming zero initial
conditions {y!1 (szﬂf: 1 1=0,1,..,q—1} we obtain

s—1 5—2

A(8) Frop(s) = Bls) 6(s) = 5 1, 5™ T, oy L)
B, 0---0 u{0=)
5 Bs-l Bs e 0 ul 1!(0_) -
B, B,- B, ul s L (g—)

g'forts) = -\ﬁ"iior(sj - 3}?01-[5] =

{4.1)

1 s—1.  s—2

“eBis)] it ) T L TR 1)

=[A

EHRE 3
B, 0---0 u(0—)
. | By Bg 0 ul 1 (0-)
B, B,--- By uls -1 (g}

where iffor(s]::[:[yfor{t]] and  u(s):=Lu{t)] (L

denotes the Laplace transform). It is known from
Vardulakis (1991) that

" -1

Yhor(s) = A7 (5) B(s) als) =

(4.2)

i(s) + Csl,—1) ' Qis)

where

§-1 $-2n .. .@i .
‘I‘:;—J BJ°™“B B: Oiiiqr‘*lkﬁﬁ

... 19
m 4 4]

0 B 1B

H.8I s 1] @ o

¢ 1:R{n+,ub)"(cAll.%-l-i»—rs)r (4.3)

5
s-1 Bs 0
b:= B, B,
BU 1
BU
0 0 --- By By--- Bg.j Bg -

e RArti+sIr(aptltam )

Q:=[I°BB+1°"'BB,_,++ - - +JBB +BBjJE R
(4.5)
and (CER™™J€R™ " BeR™™), (C ", 3

Bm,uxr) be the finite and infinite Jordan pair of

A(s}). Consider now the second term ngr(sj of

{4.1)
- —1 s—1 —32
~Ygor{‘f‘] =A () I, s’ S O

(4.6a)
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B 0---0 u(0-) B, 0---0 u(0-)
" Bs, E’,S - 0 ul “(0—) " Bs_1 BS - 0 ul 1](0-) (4.7b)
Bl ]32...}9,S uls-LJ(g_) E,1 Bz"'Bs u(s-l){o_)

After some manipulations of (4.6a) we obtain that Combiring now (4.1), (4.2), (4.8) and (4.7) and
after some manipulations, we obtain the Laplace

§?cr(5J:[3qr+s—lIr: Sqr+s_2Ir,---,Ir]K transform of the forced response of the
i ARM A—representation (2.1)
;S
dar 0 )
- H- B 0---
Hflr—1 dr - § 0 “1(5) ‘[
<o =P 0 e ogua ]| e |
- . - H-
s-qr s—qr+l qr| | * - .o o e
By By - B sar u(s) |
: 0
£ H H H
s+l -3 DJ u(0)
u(0-) - ) +
1) - —1 -2 . ~
‘ (o) +1 Los T« s u(0)+ +u{q1'+s 1)(0*) J
uls =1 (0—) + Clely=0) " Q2 i(s) = C a1, 7 u (0-) +
H- 0 0
=S H-s+1 H-[ N y qu i
1 — . - e 0
x| Mo Hy 2 | SO L S T qr x
Hl H2 HElr
B 0---0 u{0-) [ u(0-) |
x | Bs-y Bg--- 0 ut 1) (g-) - i a1 (0=
; o (BoB, -+ B :
By By---B,| |uts-vg 0 B uCs -0 (g
o2l T i _
= ¥iorls) + ¥i5(s)  (4.6b) 0 0 BoBy- - Bq_, B,
We have also that
= Hay--o H, u(ér‘ks_l)(gﬁ}
’ R e | I I '“ '
; ()
= Vioplt) = [Hg H g, Hy H- | »
r
B  0---0 u(0-) B, 0 ) ( u(t) 1
1)t
o Bey Bg oo 0 ul U (0-) . B, B, . ut (t)
: i . ( _ Ls-1)
B B?”'Bs [uls-1(p—) B, ’ Y (t) +
, G 1
= C [sI,—3"" u(0—) (47a) 0 .
where y )
_ _ : . o q,
i ugl0=) = I°7'B. I° B, . B)« “0 0 --Bg BBy B M (t)]
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t
+ f ce’ g u(rar —Cetu (0-)+
0

HE o, D o

H- 0 --0
qr
H- H- 0
x qr_l q; x
HI H2 chlr
u(0-) ]
u(I}(O_)
B, B, By :
BU } ) u(s*ll(g_}

-

0 0 -- BgB---By., Bg

WGl |
(4.8)

where o (1) (t), i::O,l,..,‘ir-f-s, denotes the i—th

ordinary derivative of u(t) and 2, u (0—) defined

in (4.5) and (4,7) Tespectively, or equivalently

Yior(t) =

n been

3 S H.B W 4

i=¢ j=i ]

cAll' s L. t

+ X 3 HiBqu““)(t) +f CeJ(t_T)ﬂu(r)drk
0

i=1j=0

It ar-l q; s
+Ce”u(0—)+ X ¥ % [HlB‘
i=0 I=sislj=0 ]

wti*l-i-n (0—}] O (4.9)

It can be easily seen from the above that,
the forced response of the ARMA—representation
(2.1) will be free of impulses iff the input initial

conditions  {u(0—),ut 1 (0—),..., u(qr“_“(a—)}
satisfly the following constraints

[H- 0 0
Yy
H- H- U]
9=l q; *
H1 H2 H‘ir
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[ u(e ]
ufl) (0_)

ul 5-1)(0_)

0 0 -- BgBj-+-Bs. Bg

u“}r”;”w-ﬂ

=10 {4.10J

5. Closed formula for the solution of the
ARMA—representation A(p)y(t)=B(p)u(t).
In this section we examine the whole
response of the system (2.1). Taking Laplace
transforms in (2.1) we obtain
AG) 3(s) = 7N, 97
A 0---0 y(0-)

| Aq-1 Ag--- 0 yOU(0-)

AT

y{q-lJ(U_}
+B(s) () — (11, ST,
B, 0 0 u(0-)
o) Bot Bg oo 0 [ a1
B, B, By uls -1 (g
y(s) = A_l(s) [sq_llr, 5‘?‘“21r1 oy L]
M_-_..\/__/
thm(s)
Ag  0een0 y(0)
N Aq-l Aq e y1{0-) .
A Ay s Ay [ ytarn oo
(5.1)
+ (A7 ()B(s)] a(s) ~ AT o), 2 .
\__"'V_"—/
Ygr ()
B 0---0 u{ 0=}
1) | Bse By om0 04
B, BE"'BS uls -1 g

where ff{ﬁ)::ﬁ[y(t}] and u(s):=Llu(t)]. It is easily
seen from (5.1) and sections 3, 4 that the whole
response of the system will be equal to the sum of




4

- - i N ¢

the free response and the forced response of the
ARM A—representation (2.1}). Thus the solution of
the ARMA—representation (2.1) will be equal to :

In case where C1>§r

yO=— o, &I sy «
In case where g<g~r H- 0 --0
T
- - H- H- 0
y(t) = — [E(qf_l)(t}lr, J(qf_z)lr,.., S()1 ] o1 g, x
;SO | 5 H H-
qr 0 1 2 qr
H- H- .
o ar Ag Ay Ay A || YD
0 A - A A yO U (0-)
x 0 q,—2 q— +
H - H - _+--H.|x 5.2 S e
s=qr s—qrtl ar (5.22) : -
0 0 . AD A - yla-1(0—)
r
_Hl H2 Hq ] )
_ o J(L—T}
A[] Al Aq—l y(0-) +Ce [}"5(0 =1 (0—)]+ 0 u(r)dr +
0 A - A (1 (Q-
x| o boa | [ VU +[Hg H_S,,l...HO...Ha |
- - " . B T
0 0 ‘AO yla-—) —Bs 0 71 ult) ]
) w1 (t)
Jt J(t—r) s-1 Bs 0 :
+Ce” [y (0—}—ug(0—)]+ Ce Q u(r)dr + .
0 .
: (s-1)(¢
+ (B B HoHy ] > B, B, u )|,
T
._B oo u(t) - BO Bi
’ uf 1) (t) 0 By
5-1 BS 0 : : . (‘ )
. . q,+s
: uls-1)(t) -0 0 Bg By Bs- IBs Lu ()]
B, By + .
B B 49 U{t far 2y S (5) B
’ 1 H 0 0
0 0 Elr
H- _H- -- 0
. I a1 g x (5.2b)
N - . - (ql’+s)(t] .
L0 0 -- Bg By--- BgBg * . :
H- 0 0 H H. -- H-
- . T " 0 1 2 qr
4l )(t)lr,‘.,é{t)lr] Ya-l x s0n)
i . : ull) (0-)
H H H-
1 2 qr" BO B1 i BS .
u(0-) «| 9 Ba ul -1 (g
. gt D) (0 J . )
BD Bl BS | 0 0 - Bo Bl"BS—!BS
B -
0 1 (0-) -
T Lu{qr+s—1 ) (0-) |
0 0 By By- -Bg- Bs where
v(0-) = B¥ !B, 197%B,.., Bx
(g, +s—1 )(0 )J
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Aq Q-+ 0 y(0-) AD Al g1 y(0-)
- (1) (p- . (1) (p-
P | AL IR EE N El
- {q=1) (p— (q-1
AL A, Al ly (0-) 0 0 Ay y (0-)
(5.3) (5.4a)
and ug(0—), N defined in (4.7b) and (4.5) I >Ar
respectively. We define now the following
PR o H- 0 0
admissible initial condition space H;, . q
H-~ H- ¢
.ar 1 qr .
Definition 2. Consider the following space of : : :
initial conditions : Hl H2 - H.
u(0-) o
ul B (g-) u{0-)
¥ (0=) . ull}(ﬂ——)
Hiu: vyt (0-) ‘ u(S’l)((]_). BOBI BS
. 0 By x uls =1 (04
yiq-L} (0—) . Coon s
R 0 0 Bg By - - Bs.| Bg
_u(qr+s_l)(0wj | .
H. 0 -+ 0 lul@rts=1) g
qr -
- H- H- -+« 0 H- 0 --0
If g<q, P N q,
: ™ . H- H- -- 0
. . : —|.a~1 "q, . (5.4b)
g, H, -- H;ﬂ : Dot
H1 H2 . Har
‘:(f}J“) Ay AL 'Air—l =1 y(0-)
ul 1) (0-) 0 A -+A- y 1 (0-) 3
By B, B : N PR R =0
0 By utl-1(p) 0 0 +-A A - ||yta-v(o—) J
Do 0 9—q,
S, L ’ or equivalently
00 Bo By Bla B : y 1 (0-) i=0,1,...,q—1
. * Hiu = . ) A :
-u{qr-l-i—l}(o ) ul i) (p—) i=0,1,..,q +s—1
ar s . -
(H- 0 1 T o |3 B WM
dr 0 izk 1 1=0 }
By o W
tr— r .
. . q1-1+k—1 i 5
| : ) Ajy(1+j k)(ﬂ—-}J =9,
—|H- H- cee He | x 1=0
| 9r—a+1 gr—g+2 qr
I . .
i " H k=1,2,.,q.+ (5.5)
L1 2 q |
H;, will be called the admissible iniital condition

1

space of the ARMA-—representation (2.1) for every
u(t). O
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1t is easily seen from (5.3) that under the above
set of initial conditions, the solution (5.3) of the
ARMA—representation (2.1) will be free of
impulses. This is the reason we call these
conditions admissible. Under the above initial
conditions the solution of the ARMA-—
representation (2.1) will be the following

yt)= C et [y (0-) — ug(0)] +

t
+ J; Cel(t_‘r)ﬂ u(r)dr +

+[H HoypHp Ha | x
9y

s (1) ( )
u t
Bs-l BS_ 0 .
B, ]'32. uls-1)(1)
By By
0 B,
. : . (ér+s)
L0 0 ---BgBy--Bg, Bg? ¥ O
(5.6a)

or equivalently

¥(t) = C ¢’ [y(0-) — ug0-)1+
t
+ f CCJ(tﬁT)Q u{r}dr +
Y

£ oap, Y

HS B (v) +

0]

6. Conclusions

A closed formula is given for the solution
of an ARMA representation, of the form
A(p)y(t)=B(p)u(t), in terms of the fundamental

matrix  Hp  of A(s)*l which  are easily

implemented (Fragulis et al 1990) and the finite
and infinite Jordan pairs of A(s). The above
closed formula of the solution is very important
for various analysis, synthesis and design problems
because it is easily implemented.
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