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Abstract
Admisible inhbal conditicns (AICA) for regalar polynomisl
watrk descriptious (PhiDa) are definl. The AICs of
aquivalest P31 urs ahown Lo be iscmorphie.
1. Introduction

Thix paper considers tha quenion of charucieriing thosa
twicial condivions wihidi cap be viewal o “acloskeille” [rom
tha point of view that they uskjonly characterise s soluton,
pormetifeoes uerely jn & diatributkogu] seiee, of the sysiam
eqquations of a reqular PMD, It » shown (Latl ere is a
particulatly maat chursctarisation of the set of AICs m
wrnud of lnformadon decvable rovo Lthe normalise) fonn
of the PMD. The “sdmisalblity” of this charscluisation
I8 coufirmoed by subsequent copsidcrations which establish
that squivelent P MDe (2ppropriately defined) poseces A1Cs
setz which are isomorplhic An explclt construction & also
given of Lhic induced kornormbiem of AJCs,

2. Preliminery Renultas
Coosider 1the PMD of the syatmin S

T(piAls} m Uipm(e) (1.8}

w(t) = V(p)B(e) + W{ppme(s) (1.h}
where (p = 2/dt), Tip} € W[p]"™*" with 'T{p)| £ 0.0/ () ¢
B, Vip) € RIgP=, W (p) € RJ™ ™, 3(8) : (0~ 00)
— K" 18 the preudo male of T,u(t) : 0 ,00) — R™ s
the controd tipud aad y(€) the ongrd of 5. An mliernative
repreasditation of S is

T{p) U 0 B{t) o

“Vigy Wiy I )| =ity ]=]0|ut) (2a)
0 - 0 y(1) i

- i, el S

) ”

e

y(e) = (0 0 FYg(e) {2 Fh

v
dmoted 2, aod termed (2] the normailized fornal §,
Dafinition 1 [1). [et T, L2 be ihe normalizad foru of
ten gyetems 5i, S1. Sy, 51 are sald to be fundameotally
cquivalent ({.e.] iff the two followinp eonclitions hold:
(1) 3 & bijertion hatween the £,{t), t = 1,2l T, Ty

Lall) = N(p36(0) (M
(ii) For Gye gvey uit), two prendostapes relaaed as i (§
produce the saine cuvput p{0). d

Wi consdder vhe actian of (3) u Lhe context of the map ®
hdieed ou tho AIG gt of wglifvaleges PMDw,

3., Adenisuible Initial Conditions
Tl quesation of what copatisutes Lhe Initial conditian st
for (1) nas bean covered by [2], {4]. [0] Inr 16 sySleing
In the goneral case of (1) the situation lo lues wwil-kiowy
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although (2}, (3] provide tudicaslons. Consider ] the
Laplace wransform of (2)

T(8){(2) =Uu(a) + a7 () (4-n)
y(a) = VE(s) (4.6
where a7 (s} i a palywmial vecior defined as
' T 0 .0 £(0-)

ar(a)=[* "1, . 8i,1)
N AR

nh ... N

(=)
§-1 =)
1= Sy AT €(0-). (5)
and T; ls the watrix coufivient of 2f m the matrlz
rolynomial T(#). ar(a) coutuius all Lhe information ou 1hie
luitlal coudithing for [2.u), but what sctually constitutes
the AICs necmsary Lo deberwiue 2 solalion of (2a) is
the subject of the following rosut. We use the tenn
“sduwissible™ to describe the iuitinl conditioua which yive
rias Lo a upique distributioual solutiou of {2.a) sod w (1.n).
This by different to [ whue "aduiasible” doscriben that the
initiel coanlitions wlidd) zive rise to s salution in the striclly
regular seowe.
Theorem 1. The sat of AICs of L {nud heuce 5} Is
(m: 0 ="Xrf(0-), £(-) € RMr=tn,
wlwere Ay and E—[O—} are delived g (5).
Proof. Suppnen Xp£(1—) # Xrf3(0—) ae two AICs
which give rize to Ui satns aolution £(x) for & pven mpul
u{t). From (4.a)
T{e)é(a) = [, ...
Thue
o=l'"' el (AT € (0=) ~ Aréa(0-))
Mow h‘:‘!’[il if.. .....‘J_r.f] =0, and so
Xr€i{0-) = Xrés(0-) (8)
vhirh s & eontradictian. Thoa for s given n(t), (8) is in
nor-lo-on& oo responidance with the solution et pf (2.a).
This ccofinns {G) sa the set of AICs for T, and hence 5. O
Note the AICs ko the genrral PMD reduce directly 1o (e
fori wiablisbed w {2],[5] when the systemn 36 fu pas loro,
Auotlrer wteresting raull arisiog from (8) is
Carollary 1. The intiel condivions £(0—) are the Al{sal
(2) i Ay (or equivalently 77} hes full soluiok tank U
Gorollsty 1 csscutlally requicess that T(s) be colunin
reduced sad tlivs bas we ndlulte zeics,

The AlCa represent & sactlon of the mdytion space taken at
tmws b = 0—, and thus rapruaent » set of peoine (Tow which

{6)

o M {0—) +-Len(f), 1 = 1,2

=

)



srdutinns emanate, [1 can themefore be cxpected thad the
bijection betwoen the solution space af two (Le.) PMDs
would indure & hijeclion betworn Lhe mnrfrraprnd ing metx of
AICs. Purther minoe Lbe AT acta are metaly aets of “pointa”
# 44 mxpantad that this bijertinn be a constant map.
Thearem 2. [ .5, 53 ue ([6) thon Llelr vels of AlCs
are Isomorphi. Purther this isomorphiamn ie of the jorm

X7 da(0-) = MXR(0-) "
where A o & constant matrke.
Proof. Lei T).51 corrmpaxuliop ww §), 5o bn

TelR)eult) = Lgult)
-1,2 1a
W) Ve o
Let the bijection betweun the perudustaies be
£ = Np)(a). (11)
Withowi Jous of gruerality it wnay be sssinoed that
T =Tiap" + ... + Tap+ Tt (12)

N[p) == N+ +Mp+ Ny
where a1 Jesst ouc of Tia. N 18 noazero. Taking Lapiace
transformations in (11) we obtain as lu (3),

€ala) = M{9)i(s) = S dnba(0-) (13)
Relathon {(11)  a map sad 0 accorrding o [L] we olitsin

Raniey [4F AF)7 = Rankqity) (14)
and tine Xy — QX;,. Tim [13) may be rewritten as
£2(a) = N(2)£1(8) — 501 QA7 £1 (0—) ==
Seo1 A7 E00-) ¢ Uaule} = Tale) (M()T1») "1 80w
20,61(0-) ~ NUT (3) 2y s) - Su1Q X6 (0-)) (15)
Assuming without b of geerality that w(s) = 0 and

NI = el " TR+ I ,_-E-a-.‘. f14i)

is the Laurent expaneion of Ta(aIN (0271 (£)72, and equating
the coafficsent mairicesol 5', v = O, 1. .., k=1in (15} yiclds

A3, S(0—) = (H — H)IXy,60-) %S
where
I‘ Hp Hiy gy ... da-r2
Hj ST B Tl IR
H_ e e Hay n . T
Tlee sclatiig (17) i & Lommiane uinpgiag (sic o (7¢ TG) ia

consiknt, and since it modom 8 oo e linage) betwesn Lie
iz ufl AlCw Furthes it will be & bijction since the map

(11) from which it iz deriviel iy & bijeviion. o
Example 1. In respert nf the borpogeneous syvsiem
fp+1 | P+l 1)
5y Ti(p)E(e) = o 1 7 Ea{0) | = 0({E.1)
] 0 1 Eaft)

n bavis for the solution space is (£, , is Lhe pth ool of 1)
Xo=(a 587", B3a6(L), eastiHe))
This corresponds Lo the basis of the mt of A{Cs
Gra

<r1"!.£4.{°—7) = < (2:;} ‘ (21_34- 23 ) ' {“1-30':,“-'-5 }>
{E.2}

Couslider the bipection

=, (1) [S B 6
2ol =lo o » (wn)--— Nip() (5
:4{[) 0 0 =1 E,‘tf-}

Jo8

Notc the map (E.1) wakes Lhe basis X to a bawis X3

Ky = (erae e bl e B800) — ey 4801 (B
of the solution apuce of 57 where
#+1 0 0 0 =, (1)
.. . o 1 p 0 ra(t) b _ s
ez i= ] o o » 2 | =Y {£.6)
e 0 01 za(l)
In this particiilar case we have
1 -1 -1
- 0 1 Q
’B(")N(')Ti[‘) ! = o a a "'HO
0 0 -t
Putther (14} bokly and thas Xy = Q&7 wick
Q=(*era, G)
They
1 -1 -1 & 0 ¢
-1 1 0 o v t
0 0 0o o 0 0
N V] o -1 0 ¢ ] i
AnGlO=)= | ¢ o5 o0 1 o1 o |Am&(0~)
D a o o | o
-1 4@ oo ¢ o
4] Q o o 0 -1

Thia is s bijection which may be veciied (dUzectly, atd takes
the basis (E.2) for the space of AICs lor (E.1), 1 a basig of
the space of AICs for {E.5) of the form

fnttoy= (1) (G0): (o)) 29

Tlhe elenients of (E.0) correspoud to the tuitial rondition
st (or tbe elmooots of the Xq of (E4) 8]

4. Conalusions
The question of whaz constitutes thn AlC scl, in the sunse of
cyaracteniming those jRitial coudlbiows whicl are in one-(o-
ooe correapondencs With 1he slaments of ibe Jdutribyiional
molutlon spece of (1), Las been addressel ju (e cawe of
geperal PMDe Tt bas been sesn lu Thoorew 1 thst this

et weu by demmribnl wewtr oveily in tvres of infeaasien
derived from the wvormalised systewn {2). Clemgly whea
twi equivaleut wymeins are considerad it o expecte] Loat
aquivelzucs woald be induced between thelr correpomding
ALIC sots. This oocwrence has been conBnusl 1 Theotewn

2 whsna tlan farbrsnt hijort i sosps Tus wisssn s lue AT woere be
exdplicitly conatrucled
Tladet tuicen
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