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Nh|zrugv = Olqhdu v|vwhpv/ glvfuhwh wlph/ qxphulfdo

phwkrgv1

�Mt|h@U|

Wkh pdlq remhfwlyh ri wklv sdshu lv wr ghwhuplqh d forvhg

irupxod iru wkh iruzdug/ edfnzdug dqg v|pphwulf vroxwlrq

ri d jhqhudo glvfuhwh wlph DxwrUhjuhvvlyh Prylqj Dyhudjh

+DUPD, Uhsuhvhqwdwlrq1 Wkh lpsruwdqfh ri wkh deryh

irupxod lv wkdw lw lv hdvlo| lpsohphqwhg lq d frpsxwhu do0

jrulwkp dqg jlyhv ulvh wr wkh vroxwlrq ri dqdo|vlv/ v|qwkhvlv

dqg ghvljq sureohpv1

� W?|hL_�U|�L?

Frqvlghu d qrqkrprjhqhrxv v|vwhp ri olqhdu gl�huhqfh

dqg dojheudlf htxdwlrqv ghvfulehg lq pdwul{ irup e|

D+�,|+n, @ E+�,x+n, +4,

zkhuh � ghqrwhv wkh edfnzdugv vkliw rshudwru l=h1

�l|+n, @ |+n . l,>

D+�, @ D3 .D4� . � � �.Dt�
t 5 U^�`u�u

E+�, @ E3 .E4� . � � �.Et�
t 5 U^�`u�p

+5,

zkhuh udqnU+�,D+�, @ u/ dw ohdvw rqh ri Dt/ Et lv

qrq}hur/ |+n, = ]. $ Uu eh wkh rxwsxw ri wkh v|vwhp

dqg x+n, = ]. $ Up eh wkh lqsxw ri wkh v|vwhp1 Iroorz0

lqj wkh whuplqrorj| ri ^49` zh fdoo wkh vhw ri htxdwlrqv +4,

dq DUPD uhsuhvhqwdwlrq ri E/ zkhuh E lv wkh vroxwlrq

vsdfh ri htxdwlrqv +4, gh�qhg e|

E @ �|+Ei , +6,

zlwk
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Ei =@ i
�
|+n, x+n,

�
= ]. $ Uu �Up m

m +DUPD, lv vdwlv�hg ;n 5 ].j
�| = Uu �Up $ Uu �|

�
|+n, x+n,

�
@ |+n,

+7,

Lq fdvh zkhuh D+�, @ �H �D 5 U^�`u�u dqg E+�, @

E 5 Uu�p wkhq wkh DUPD uhsuhvhqwdwlrq +4, lv wkh

nqrzq jhqhudolvhg vwdwh vsdfh uhsuhvhqwdwlrq

H{+n .4, @ D{+n, .Ex+n, +8,

zkloh lq fdvh zkhuh ghw^H` 9@ 3/ +8, lv wkh nqrzq vwdwh

vsdfh uhsuhvhqwdwlrq1 Iru d vxuyh| ri vlqjxodu v|vwhpv ri

wkh irup +8, vhh ^:`1

DUPD uhsuhvhqwdwlrqv ri wkh irup +4, �qg qxphurxv

dssolfdwlrqv lq dqdo|vlv ri flufxlwv ^45`/ qhxudo qhwzrunv

^5`/ hfrqrplfv +Ohrqwlh� prgho ^<`,/ srzhu v|vwhpv ^47`1

Lq fdvh zkhuh ghw ^Dt ` 9@ 3 wkhq wkh vroxwlrq ri wkh

DUPD0uhsuhvhqwdwlrq +8, lv wulyldo zkloh lq wkh pruh jhq0

hudo fdvh zkhuh Dt lv d vlqjxodu pdwul{ pdq| gl�huhqw

whfkqltxhv +^4`/ ^9`/ ^;`/ ^43`/ ^46`/ ^48`/ ^44`,/ kdyh ehhq

dssolhg iru wkh vroxwlrq ri +8, dqg dprqj wkhp zh glv0

wlqjxlvk ^;`/ ^44`1 Wklv whfkqltxh jlyhv d vroxwlrq ri +8,

lq whupv ri wkh iruzdug ixqgdphqwdo pdwul{ !n dqg wkh

edfnzdug ixqgdphqwdo pdwul{ �n ri +}H �D,�41 Iroorz0

lqj vlplodu olqhv zlwk ^;`/ ^44` zh surgxfh lq Vhfwlrq 6 d

forvhg irupxod iru wkh iruzdug/ edfnzdug dqg v|pphw0

ulf vroxwlrq ri wkh jhqhudo DUPD0uhsuhvhqwdwlrq +4, lq

whupv qrz ri wkh ixqgdphqwdo pdwul{ Kn dqg wkh edfn0

zdug ixqgdphqwdo pdwul{ Yn ri D+v,�41 D jhqhudol}hg

Ohyhuulhu whfkqltxh iru frpsxwlqj wkh iruzdug ixqgdphq0

wdo pdwul{ Kn lv dydlodeoh ^6`/ vr wkdw zh pd| dvvxph wkdw

wklv ixqgdphqwdo pdwul{ lv jlyhq1 Zh vkdoo vkrz lq Vhf0

wlrq 5 wkdw wkh edfnzdug ixqgdphqwdo pdwul{ lv wkh iru0

zdug ixqgdphqwdo pdwul{ ri wkh gxdo sro|qrpldo pdwul{
�D+z, @ D3z

t .D4z
t�4 . � � � .Dt ri D+v, dqg wkxv zh

pd| dvvxph wkdw Yn lv dovr jlyhq1
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Zh duh frqfhuqhg zlwk wkh glvfuhwh wlph DUPD0

uhsuhvhqwdwlrq +4, zkhuh |+n, 5 Uu/ x+n, 5 Up/ n 5

^3>Q ` dqg x+n, lv qrq}hur iru n @ 3> 4> ===/ Q � t1 Zh

dvvxph wkdw D+}, lv uhjxodu l=h1 ghw^D+},` 9@ 31 Jlyhq uhj0

xodulw| wkh Odxuhqw vhulhv h{sdqvlrq derxw lq�qlw| iru wkh

uhvroyhqw pdwul{ h{lvwv dqg lv jlyhq e|

D+},�4 @ Ka

tu

}
a

tu .Ka

tu�4
}
a

tu�4 . � � � +9,

zkhuh
a
tu lv wkh juhdwhvw rughu ri wkh }hurv ri D+}, dw

} @ 4 dqg wkh vhtxhqfh iKnj lv nqrzq dv wkh iruzdug

ixqgdphqwdo pdwul{ ^6`1 Wkh Odxuhqw h{sdqvlrq derxw

}hur ri D+},�4 lv

D+},�4 @ Y
�c}

�c . Y
�c.4}

�c.4 . � � � +:,

zkhuh wkh vhtxhqfh iYnj lv nqrzq ^;` dv wkh edfnzdug

ixqgdphqwdo pdwul{1

Wkh Odxuhqw h{sdqvlrq derxw }hur ri D+},�4 jlyhq lq

+:, lv uhodwhg zlwk wkh Odxuhqw h{sdqvlrq derxw lq�qlw|

jlyhq lq +9, ri wkh lqyhuvh ri wkh gxdo pdwul{ �D+z, @

D3z
t .D4z

t�4 . � � � .Dt ri D+}, dv zh fdq vhh lq wkh

iroorzlqj

Ohppd 4 Ohw wkh Odxuhqw h{sdqvlrq derxw lq�qlw| ri
�D+z,�4 lv

�D+z,�4 @ �Kiz
i . �Ki�4z

i�4 . � � � +;,

dqg +:, lv wkh Odxuhqw h{sdqvlrq derxw }hur ri D+},�41

Wkhq

t. i @ c dqg Y
�l @ �K

�c.i.l l @ c> c�4> ==>�4> =1 +<,

Surri1 Zh kdyh wkdw

D+}, @ }t �D
�
4
}

�
/ D+},�4 @ }�t �D

�
4
}

�
�4 +;,

/

D+},�4 @ }�t
k
�Ki}

�i . �Ki�4}
�i.4 . � � �

l
@ �Ki }

�t�i . �Ki�4}
�t�i.4 . � � �

� Y
�c}

�� . Y
�c.4}

��.4 . � � �

+43,

Htxdwlqj wkh frh�flhqwv ri wkh srzhuv ri } zh rewdlq

wkh surri ri Ohppd 41

D gluhfw uhvxow iurp Ohppd 4 lv wkdw wkh Ohyhuulhu do0

jrulwkp lq ^6` pd| eh xvhg iru wkh frpsxwdwlrq erwk ri

wkh iruzdug dqg edfnzdug ixqgdphqwdo pdwul{1 Dq lqwhu0

hvwlqj uhvxow zklfk frqqhfwv wkh vroxwlrqv ri wkh DUPD0

uhsuhvhqwdwlrq +4, dqg wkh rqhv ri wkh gxdo glvfuhwh wlph

DUPD0uhsuhvhqwdwlrq =

Dt �|+n, .Dt�4�|+n .4, . � � �.D3�|+n . t, @

Et�x+n, .Et�4�x+n .4, . � � �.E3�x+n . t,
+44,

lq wkh forvhg lqwhuydo ^3>Q ` lv jlyhq e|

Wkhruhp 5 +d, Li �|+n, lv d vroxwlrq ri htxdwlrq +44, iru

wkh qrq}hur lqsxw �x+n, wkhq wkh vhtxhqfh |+n, @ �|+Q �n,

lv d vroxwlrq ri wkh gxdo htxdwlrq +4, iru wkh qrq}hur lqsxw

x+n, @ �x+Q � n,=

+e, Li |+n, lv d vroxwlrq ri htxdwlrq +4, iru wkh qrq}hur

lqsxw x+n, wkhq wkh vhtxhqfh �|+n, @ |+Q�n, lv d vroxwlrq

ri wkh gxdo htxdwlrq +44, iru wkh qrq}hur lqsxw �x+n, @

x+Q � n,=

Surri1 d, Ohw �|+n, eh d vroxwlrq ri +44,1 Wklv lpsolhv

wkdw +44, lv vdwlv�hg1 Qrz frqvlghu wkh htxdwlrq +4,1 Li

zh vhw |+n, @ �|+Q � n, dqg x+n, @ �x+Q � n, dqg wdnh

lqwr dffrxqw wkdw |+n . m, @ �|+Q � +n . m,,/ x+n . m, @

�x+Q � +n . m,,/ m @ 3>4/ ==> t zh kdyh

D+�,�|+Q � n, @
tS

l@3

Dl�|+Q � n � l,
+44,
@

@
tS

l@3

El�x+Q � n � l,
x+n,@�x+Q�n,

@ E+�,�x+Q � n,
+45,

e, Iroorzlqj wkh vdph zd| zh fdq vkrz wkh vhfrqg sduw

ri wkh Wkhruhp1

D gluhfw uhvxow iurp wkh deryh wkhruhp lv wkdw wkh edfn0

zdug vroxwlrq ri wkh DUPD uhsuhvhqwdwlrq +4, frphv gl0

uhfwo| iurp wkh iruzdug vroxwlrq ri wkh gxdo DUPD uhs0

uhvhqwdwlrq +44,1

� 5L*�|�L?t Lu �+�� � +iThiti?�

|@|�L?t

Wkhuh duh wkuhh gl�huhqw lqwhusuhwdwlrqv ri +4, ^;` =

+l, Zh pd| frqvlghu wkdw wkh lqlwldo frqglwlrqv i|+3,/

|+4,/ 111/ |+t � 4,j duh jlyhq dqg wkdw lv ghvluhg wr ghwhu0

plqh |+n, lq d iruzdug idvklrq iurp wkh lqsxw vhtxhqfh

dqg wkh suhylrxv ydoxhv ri wkh rxwsxw1

+ll, Zh pd| frqvlghu wkdw wkh �qdo frqglwlrqv i|+Q,/

|+Q � 4,/ 111/ |+Q � t .4,j duh jlyhq dqg wkdw lv ghvluhg

wr ghwhuplqh |+n, lq d edfnzdug idvklrq iurp wkh lqsxw

vhtxhqfh dqg wkh ixwxuh ydoxhv ri wkh rxwsxw1

+lll, Zh pd| frqvlghu +4, dv d uhodwlrqvkls ehwzhhq wkh

lqsxwv dqg rxwsxwv l=h1 hfrqrplfv dqg wkxv qr fdxvdolw| lv

dvvxphg1 Lw lv ghvluhg wr ghwhuplqh |+n, iru wkh ydoxhv ri

n 5 ^t>Q�t`/ lq whupv ri wkh lqsxw vhtxhqfh dqg wkh lqlwldo

dqg �qdo frqglwlrqv1 Zh frxog fdoo wklv wkh v|pphwulf

vroxwlrq ri +4,1

��� A�i 6Lh�@h_ 5L*�|�L? Lu �+���

+iThiti?|@|�L?t

Frqvlghu wkh glvfuhwh wlph DUPD0 uhsuhvhqwdwlrq +4,

zkhuh D+}, lv uhjxodu l=h1 ghw^D+},` 9@ 3 dqg wkh Odxuhqw

vhulhv h{sdqvlrq derxw lq�qlw| iru wkh uhvroyhqw pdwul{

h{lvwv dqg lv jlyhq e| +9,1 Wkhq zh kdyh

5



Wkhruhp 6 Wkh iruzdug vroxwlrq ri +4, zloo eh =

|+n, @
tS

l@4

tS
m@4

K
�n�lDm|+m � l, .

n.
a

tuS
l@3

tS
m@3

K
�n.lEmx+l . m,

n @ t> t . 4> =1

+46,

Surri1 Htxdwlqj wkh frh�flhqwv ri wkh srzhuv ri } lq

wkh uhodwlrq D+},�D+},�4 @ Lu zh kdyh wkdw =

tS
q@3

DqKl�q @ �lLu ru
tS

q@3

Kl�qDq @ �lLu +47,

zkhuh �l @ 3 iru l 9@ 3 dqg �3 @ 41 Qrz vxevwlwxwlqj

|+n, iurp +46, lq +4, dqg xvlqj +47, zh revhuyh wkdw +4,

lv vdwlv�hg1

Iurp wkh deryh irupxod zh fdq vhh wkdw wkh glvfuhwh

wlph DUPD0uhsuhvhqwdwlrqv kdyh qr lpsxovlyh whupv lq

wkhlu uhvsrqvhv lq frqwudvw wr wkh frqwlqxrxv wlph DUPD0

uhsuhvhqwdwlrqv1 Dqrwkhu gl�huhqfh lv wkdw wkh glvfuhwh

wlph DUPD0uhsuhvhqwdwlrqv gr qrw dozd|v kdyh d vrox0

wlrq1 D qhfhvvdu| dqg vx�flhqw frqglwlrq vxfk wkdw wkh

DUPD0uhsuhvhqwdwlrq +4, kdv d vroxwlrq lv wkdw wkh lqlwldo

frqglwlrqv i|+3,> |+4,> ===> |+t�4,j vdwlv�hv wkh uhodwlrq +4,

iru n @ 3>4> ==> t � 41 Wkhuhiruh zh gh�qh =

Gh�qlwlrq 4 Zh gh�qh dv

Klx =@ i|+l,/ x+l, +l @ 3> 4> ===> t � 4, =

�

D4

5
9997

K3 � � � Kt�4

K
�4 � � � Kt�5

111
1 1 1

111

K
�t.4 � � � K3

6
:::8 �

D4

5
9997

| +3,

| +4,
111

| +t � 4,

6
:::8 @

@
�

D4

5
999997

K3 � � � Ka

tu

3 � � � 3

K
�4 � � � Ka

tu�4
Ka

tu

� � � 3

111
1 1 1

111
111

1 1 1
111

K
�t.4 � � � Ka

tu�t.4
Ka

tu�t.5
� � � Ka

tu

6
:::::8

5
97 E3 � � � Et 3 � � � 3

111
1 1 1

1 1 1
1 1 1

1 1 1
111

3 � � � E3 E4 � � � Et

6
:8
5
999997

x +3,

x +4,
111

x

�
5t.

a
tu �4

�

6
:::::8j
+48,

zkhuh

�

D4@

5
9997

D3 3 � � � 3

D4 D3 � � � 3
111

111
1 1 1

111

Dt�4 Dt�5 � � � D3

6
:::8 +49,

wkh dgplvvleoh lqlwldo frqglwlrq vsdfh ri +4, xqghu

qrq}hur lqsxwv1

Surri1 Frqvlghu wkh uhodwlrq +4, iru n @ 3> 4> ===> t � 4

dqg vxevwlwxwh wkh ydoxhv |+t,/ |+t.4,/ 111/ |+5t�4, zlwk

wkh uhvshfwlyh irupxod ri +46, dqg xvh ri +47, jlyh xv wkdw

wkh lqlwldo frqglwlrqv i|+3,> |+4,> ===> |+t � 4,j vdwlvi| wkh

v|vwhp l� wkh uhodwlrq +48, lv vdwlv�hg1

Dv zh fdq vhh lq +46, wkh vroxwlrq ri +4, lv ghwhuplqhg lq

whupv ri wkh lqlwldo frqglwlrqv i|+3,/ |+4,/ 111/ |+t�4,j dqg

wkh lqsxw vhtxhqfhv ri wkh v|vwhp1 Dq reylrxv glvdgydq0

wdjh lv wkdw iru hdfk vxffhvvlyh rxwsxw |+n,/ vshfl�hg e|

n @ t> t.4/ 11/ wkh frh�flhqw pdwulfhvKm frpsulvlqj hdfk

vshfl�f vroxwlrq fkdqjh1 Wkhuhiruh li wkh vroxwlrq lv uh0

txluhg ryhu d frpsdudwlyho| odujh udqjh/ vd| ^|+t,> |+t.4,/

===> |+433,` fruuhvsrqglqj wr n @ t> t.4> ===>433/ zh zrxog

uhtxluh wkh frh�flhqw pdwulfhv K
�434/ K�433> ===>Ka

tu

1 Dq

htxlydohqw iruzdug vroxwlrq lv suhvhqwhg lq zkdw iroorzv iru

wkh jhqhudo vroxwlrq |+n, ghshqgv rq wkh suhylrxv t rxw0

sxwv i|+n�4,> |+n�5,> ===> |+n�t,j dqg qrw rq wkh t �{hg

lqlwldo frqglwlrqv i|+3,> |+4,> ===/ |+t�4,j1 Lq wklv fdvh wkh

frh�flhqw pdwulfhv uhtxluhg ryhu d vroxwlrq udqjh lv �{hg/

+l1h1 lqghshqghqw ri n,/ qdpho| K
�t>K�t.4> ===>Ka

tu

=

Fruroodu| 7 Htxdwlrq +46, lv htxlydohqw wr wkh iroorzlqj

iruzdug uhfxuvlrq =

|+n, @ �

tS
l@4

l�4S
m@3

K
�lDm|+n � l. m,.

.
t.

a

tuS
l@3

tS
m@3

K
�t.lEmx+n � t . m . l,

+4:,

Surri1 Wkh v|vwhp lv wlph lqyduldqw dqg wkxv wkh

uhodwlrq zklfk frqqhfw |+n, zlwk wkh suhylrxv yhfwruv

i|+n�4,> |+n�5,> ===> |+n�t,j zloo dovr frqqhfw wkh yhfwru

|+t, zlwk wkh yhfwruv i|+t� 4,> |+t�5,> ===> |+3,j1 Wkxv li

zh uhsodfh i|+t,> |+t�4,> ===> |+3,j zlwk i|+n,> |+n�4,> ===/

|+n�t,j uhvshfwlyho| dqg ix+3,> x+4,> ===/ x+5t.
a
tu,j zlwk

ix+n�t,> x+n�t.4,> ===/ x+n.t.
a
tu,j lq +46, uhvshfwlyho|

zh jhw wkh uhodwlrq +4:,1

Wkh dgydqwdjh ri wkh irupxod +4:, lv/ dv zh kdyh do0

uhdg| phqwlrqhg/ lv wkdw lw ghshqgv rqo| rq wkh t.
a
tu .4

Odxuhqw h{sdqvlrq whupv iK
�t/ K

�t.4> ===>K3> ===>Ka

tu

j1

Wkh deryh irupxod lv yhu| xvhixoo zkhq zh qhhg wr gh0

whuplqh |+n, lq wkh forvhg lqwhuydo ^t>.4`/ ehfdxvh zh

dozd|v kdyh wr vwduw wr frpsxwh iurp |+t,/ |+t . 4,/ 111

lq frqwudvw wr wkh vroxwlrq irupxod +46, zkhuh rqo| wkh

t �uvw lqlwldo frqglwlrqv duh hqrxjk iru wkh ghwhuplqdwlrq

ri wkh vroxwlrq lq wkh lqwhuydo ^q>.4` zkhuh q A t1 Dq0

rwkhu dgydqwdjh ri +4:, lv wkdw wkh urxqg0ri huuruv iru wkh

ghwhuplqdwlrq ri wkh t.
a
tu .4 Odxuhqw h{sdqvlrq whupv

iK
�t/ K�t.4> ===>K3> ===>Ka

tu

j duh ohvv wkdq wkh rqhv iru

wkh ghwhuplqdwlrq ri iK
�n> ===>Ka

tu

j lq +46,1

��2 A�i �@U!�@h_ 5L*�|�L? Lu �+���

+iThiti?|@|�L?t

Frqvlghu wkh glvfuhwh wlph DUPD0uhsuhvhqwdwlrq +4,1 Wkh

Odxuhqw vhulhv h{sdqvlrq derxw }hur iru wkh uhvroyhqw pd0
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wul{ lv jlyhq e| +:,1 Wkh vhtxhqfh Yn lv wkh edfnzdug

ixqgdphqwdo pdwul{ dqg lv hdvlo| lpsohphqwhg dffruglqj

wr Ohppd 4 dqg ^6`1 Wkhq zh kdyh

Wkhruhp 8 Wkh edfnzdug vroxwlrq ri +4, zloo eh =

|+n, @
t�4S
l@3

lS
m@3

YQ�n�lDm|+Q � l . m,.

.
t.n�Q�cS

l@3

tS
m@3

YQ�n�t�lEmx+Q . m � l � t,

+4;,

Surri1 Ghwhuplqh wkh iruzdug vroxwlrq ri wkh gxdo

DUPD0uhsuhvhqwdwlrq +44, dqg pdnh xvh ri Wkhruhp 51

D qhfhvvdu| dqg vx�flhqw frqglwlrq vxfk wkdw wkh
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lq ^7` zlwkrxw dq| frvw lq wkh dffxudf| ri wkh deryh dojr0

ulwkpv1 Krzhyhu wkh lqyhvwljdwlrq ri ehwwhu dojrulwkpv iru
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