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Nh|zrugv = Olqhdu V|vwhpv/ Glvfuhwh wlph/ Vlqjxodu

V|vwhpv1

�Mt|h@U|

Lq wklv sdshu zh lqyhvwljdwh wkh ehkdylru ri wkh glvfuhwh

wlph DU +Dxwr Uhjuhvvlyh, uhsuhvhqwdwlrqv ryhu d �qlwh

wlph lqwhuydo/ lq whupv ri wkh �qlwh dqg lq�qlwh vshfwudo

vwuxfwxuh ri wkh sro|qrpldo pdwul{ lqyroyhg lq wkh DU0

htxdwlrq1 D erxqgdu| pdsslqj htxdwlrq dqg d forvhg

irupxod iru wkh ghwhuplqdwlrq ri wkh vroxwlrq/ lq whupv ri

wkh erxqgdu| frqglwlrqv/ duh dovr jlyhq1

� W?|hL_�U|�L?

Wkh fodvv ri glvfuhwh wlph ghvfulswru v|vwhpv kdv ehhq wkh

vxemhfw ri vhyhudo vwxglhv lq wkh uhfhqw |hduv +vhh iru h{0

dpsoh ^4`/ ^5`/ ^6`/^7`/ ^8`/ ^9`,1 Wkh pdlq uhdvrq iru wklv lv

wkdw ghvfulswru htxdwlrqv qdwxudoo| uhsuhvhqw d yhu| zlgh

fodvv ri sk|vlfdo/ hfrqrplfdo ru vrfldo v|vwhpv1 Rqh ri wkh

prvw lqwhuhvwlqj ihdwxuhv ri glvfuhwh wlph vlqjxodu v|vwhpv

lv zlwkrxw grxew wkhlu qrq fdxvdo ehkdylru/ zkloh wkhlu

frxqwhusduw lq frqwlqxrxv wlph h{klelw lpsxovlyh ehkdy0

lru1

Krzhyhu/ ghvfulswru v|vwhpv fdq eh frqvlghuhg dv d vsh0

fldo 0 �uvw rughu fdvh ri d pruh jhqhudo Dxwr Uhjuhvvlyh

Prylqj Dyhudjh +DUPD, pxowlyduldeoh prgho dqg wkxv

wkh vwxg| ri wklv pruh jhqhudo fdvh fdq eh suryhg wr eh

yhu| lpsruwdqw1 Vxfk prghov +nqrzq dovr dv sro|qrpldo

pdwul{ ghvfulswlrqv ru SPGv, kdyh ehhq h{whqvlyho| vwxg0

lhg lq wkh frqwlqxrxv wlph fdvh e| vhyhudo dxwkruv1 Lq wklv

qrwh zh lqyhvwljdwh vrph vwuxfwxudo surshuwlhv ri wkh glv0

fuhwh wlph dxwruhjuhvvlyh +DU,0uhsuhvhqwdwlrq/ dv d �uvw

vwhs wrzdugv wkh jhqhudol}dwlrq ri wkh ghvfulswru v|vwhpv

wkhru| wr wkh kljkhu rughu fdvh1

Frqvlghu wkh glvfuhwh wlph DU htxdwlrq

Dt{n.t .Dt�4{n.t�4 . ===.D3{n @ 3 +4,

zkhuh n @ 3>4> 5> ===Q � t> ru htxlydohqwo|

D+�,{n @ 3> n @ 3> 4> 5> ===>Q � t +5,

zkhuh D+�, @ Dt�
t . Dt�4�

t�4 . === . D3 5 ?u�u^�` lv

d uhjxodu sro|qrpldo pdwul{/ l1h1 ghwD+�, 9@ 3 iru doprvw

hyhu| �/ {n 5 ?u> n @ 3>4>5> ===> Q lv d yhfwru vhtxhqfh

dqg � ghqrwhv wkh iruzdug vkliw rshudwru �{n @ {n.4=

Qrwlfh wkdw zh duh lqwhuhvwhg iru wkh ehkdylru ri +5, ryhu

d vshfl�hg wlph lqwhuydo n @ 3>4>5> ===> Q dqg qrw ryhu ].=

Ixuwkhupruh zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw

erwk D3> Dt duh qrw lghqwlfdoo| }hur/ ehfdxvh wklv vlwxdwlrq

fdq eh dyrlghg vlpso| e| uhqxpehulqj wkh lqglfhv ri Dl1

Wkh pdwul{ Dt lv qrw lq jhqhudo lqyhuwleoh zklfk phdqv

wkdw +4, fdq qrw eh vroyhg e| lwhudwlqj iruzdug/ l1h1 jlyhq

{3> {4> ===> {t�4 ghwhuplqh vxffhvvlyho| {t> {t.4> ===1 Wklv lv

wkh pdlq uhdvrq zk| zh wuhdw wklv htxdwlrq dv d erxqg0

du| frqglwlrq sureohp/ zkhuh erwk wkh lqlwldo dqg �qdo

frqglwlrqv vkrxog eh jlyhq1 Wklv qdwxudoo| ohdgv wr wkh

uhvwulfwlrq ri wkh wlph grpdlq wr d �qlwh lqwhuydo lqvwhdg

ri ].=Wkh uhvxowv ri wkh suhvhqw sdshu vkrxog eh frp0

sduhg wr ^4`/ ^5`/ ^6`/ ^7`/ ^8`/ ^9` zkhuh vlplodu sureohpv

iru v|vwhpv lq ghvfulswru irup/ duh wuhdwhg lq d vlplodu

pdqqhu1

Ilqdoo|/ iroorzlqj wkh qrwdwlrq ri ^45` zh gh�qh wkh eh0

kdylru ri +5, dv

E @ i{n @ {n 5 ?
u> {n vdwlv�hv +5,j +6,

zkhuh n @ 3>4> 5> ===Q=

2 �hi*�4�?@h�it � �L|@|�L?

Wkh pdwkhpdwlfdo edfnjurxqg uhtxluhg iru wklv qrwh

frphv pdlqo| iurp ^:`/ ^;`/ ^<`/ ^43` dqg ^44`1 E| ?p�q^�`
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zh ghqrwh wkh vhw ri p � q sro|qrpldo pdwulfhv zlwk

uhdo frh�flhqwv dqg lqghwhuplqdwh �= D vtxduh sro|qr0

pldo D+�, @ Dt�
t .Dt�4�

t�4 . = = =.D3?
u�u ^�` pdwul{

lv fdoohg uhjxodu l� ghwD+�, 9@ 3 iru doprvw hyhu| �= Wkh

+�qlwh, hljhqydoxhv ri D+�, duh gh�qhg dv wkh urrwv ri wkh

htxdwlrq ghwD+�, @ 3= Ohw

V�l
D+�,

@ gldji+� � �l,
pl4 > ===> +� � �,pluj

eh wkh orfdo Vplwk irup ^:` ri D+�, dw � @ �l dqg �l lv

dq hljhqydoxh ri D+�,> zkhuh 3 �pl4 �pl5 � === �plu=

Wkh whupv +� � �l,
pll duh fdoohg wkh +�qlwh, hohphqwdu|

glylvruv riD+�, dw � @ �l> plm m @ 4>5> ===> u duh wkh sduwldo

pxowlsolflwlhv ri �l dqg pl @
Su

m@4plm lv wkh pxowlsolflw|

ri �l=

Wkh gxdo pdwul{ ri D+�, lv gh�qhg dv �D+�, @

�tD+��4, @ D3�
t .D4�

t�4 . = = = .Dt= Wkh lq�qlwh hoh0

phqwdu| glylvruv ri D+�, duh wkh �qlwh hohphqwdu| glylvruv

ri wkh gxdo �D+�, dw � @ 3= Wkh wrwdo qxpehu ri hohphq0

wdu| glylvruv +�qlwh dqg lq�qlwh, ri D+�, lv htxdo wr wkh

surgxfw u�t> zkhuh u lv wkh glphqvlrq dqg t lv wkh ghjuhh

ri D+�,=

D sdlu ri pdwulfhv [l 5 ?u�pl > Ml 5 ?pl�pl > zkhuh

Ml lv lq Mrugdq irup dq hljhqydoxh �l ri pxowlsolflw| pl lv

fdoohg dq hljhqsdlu ri D+�, fruuhvsrqglqj wr �l l�

t[
n@3

Dn[Mnl @ 3> udqn fro+[lM
n
l ,

pl�4

n@3 @pl +7,

zkhuh fro+[lM
n
l ,

pl�4

n@3 @

5
9997

[l

[lMl
111

[lM
pl�4

l

6
:::8 = Wkh pdwul{ Ml

frqvlvwv ri Mrugdq eorfnv zlwk vl}hv htxdo wr wkh sduwldo

pxowlsolflwlhv ri �l=

Ohw �4> �5> ===> �s eh wkh glvwlqfw �qlwh hljhqydoxhv ri

D+�,> dqg +[l> Ml, wkhlu fruuhvsrqglqj hljhqsdluv1 Wkh

wrwdo qxpehu ri �qlwh hohphqwdu| glylvruv lv htxdo wr wkh

ghwhuplqhqwdo ghjuhh ri D+�,/ l1h1 q @ ghj+ghwD+�,, @Ss

l@4pl= Wkh sdlu ri pdwulfhv

[I @ ^[4>[5> ===>[s` 5 ?
u�q +8,

MI @ gldjiM4> M5> ===> Msj 5 ?
q�q +9,

lv gh�qhg dv d �qlwh vshfwudo sdlu ri D+�, dqg vdwlv�hv wkh

iroorzlqj

t[
n@3

Dn[I M
n
I @ 3> udqn fro+[I M

n
I ,

q�4
n@3

@ q +:,

Dq hljhqsdlu ri wkh gxdo pdwul{ �D+�, fruuhvsrqglqj wr

wkh hljhqydoxh �� @ 3 lv gh�qhg dv dq lq�qlwh vshfwudo sdlu

ri D+�,> dqg vdwlv�hv wkh iroorzlqj

t[
n@3

Dn[4M
t�n
4

@ 3> udqn fro+[4Mn
4
,
��4

n@3
@ � +;,

zkhuh [4 5 ?u��> M4 5 ?���=

� �@�? +it�*|t

Frqvlghu wkh DU0uhsuhvhqwdwlrq +5, dqg d �qlwh vshfwudo

sdlu +[I > MI , ri D+�,= Lq wkh frqwlqxrxv wlph fdvh/ l1h1

zkhuh � @ g
gw

lv wkh gl�huhqwldo rshudwru lqvwhdg ri wkh

iruzdug vkliw rshudwru/ �qlwh vshfwudo sdluv jlyh ulvh wr

olqhduo| lqghshqghqw vroxwlrqv1 D vlplodu vlwxdwlrq lv rf0

fxuuhg lq rxu fdvh1 Zh vwdwh wkh iroorzlqj wkhruhp

Wkhruhp 4 Li +[I > MI , lv d �qlwh vshfwudo sdlu li D+�, ri

glphqvlrqv u � q>q� q uhvshfwlyho| zkhuh q @ ghj mD+�,m
wkhq wkh froxpqv ri wkh pdwul{

�+n, @[IM
n
I > n @ 3>4> 5> ===> Q +<,

duh olqhduo| lqghshqghqw vroxwlrqv ri +5, iru Q � q1

Surri1 Ohw +[I > MI , eh d �qlwh vshfwudo sdlu ri D+�, =

Zh kdyh

D+�,[I M
n
I @

t[
l@3

Dl[IM
n.l
I @

@ +

t[
l@3

Dl[IM
l
I ,M

n
I

+:,
@ 3

iru n @ 3> 4> 5> ===>Q � t dqg iurp wkh vhfrqg htxdwlrq ri

+:, lw lv reylrxv wkdw wkh froxpqv ri [I M
n
I duh olqhduo| lq0

ghshqghqw vhtxhqfhv ryhu dq| lqwhuydo n @ 3> 4>5> ===>Q �

q1

Wkh deryh wkhruhp lv qrw jlylqj d frpsohwh edvlv iru wkh

ehkdylru ri +5,1 Wklv zloo eh pruh fohdu diwhu wkh iroorzlqj

glvfxvvlrq

Gh�qlwlrq 4 Wkh gxdo DU0uhsuhvhqwdwlrq ri +5, lv gh0
�qhg dv

�D+�,{n @ 3> n @ 3>4> 5> ===> Q � t +43,

zkhuh �D+�, @ �tD+��4, @ D3�
t .D4�

t�4 . ===.Dt lv
wkh gxdo pdwul{ ri D+�,1

Qrwlfh wkdw gxh wr wkh idfw wkdw D3 9@ 3/ wkh gxdo pdwul{

zloo eh ri rughu t= Zh jlyh qrz d yhu| lqwhuhvwlqj ohppd

Ohppd 5 Ohw {n eh d vroxwlrq ri +5, wkhq wkh vhtxhqfh
�{n =@ {Q�n> n @ 3>4>5> ===> Q lv vroxwlrq ri wkh gxdo DU0
uhsuhvhqwdwlrq +43,1

Surri1 Ohw {n eh d vroxwlrq ri +5,1 Wkhq xvlqj +5,

�D+�,�{n @ D3�{n.t .D4�{n.t�4 . ===.Dt�{n

@ D3{Q�n�t .D4{Q�n�t.4 . ===.Dt{Q�n @ 3

iru n @ 3> 4>5> ===>Q � t=

Ri frxuvh e| gxdolw| wkh lqyhuvh ri wkh ohppd dovr krogv/

l1h1 li �{n lv d vroxwlrq ri +43, wkhq wkh vhtxhqfh {n =@ �{Q�n
lv d vroxwlrq ri +5,1 Wklv vlpsoh revhuydwlrq gh�qhv dq rqh
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wr rqh pdsslqj ehwzhhq wkh vroxwlrqv ri wkh ruljlqdo htxd0

wlrq +5, dqg lwv gxdo +43,1 Lw lv fohdu wkdw wkhvh wzr htxd0

wlrqv kdyh wkh vdph vhw ri vroxwlrqv/ exw uhyhuvhg lq wkh

wlph gluhfwlrq1 Zh fdq vd| wkdw wkh gxdo htxdwlrq lv lghq0

wlfdo wr wkh ruljlqdo rqh exw lw lv zulwwhq lq wkh uhyhuvh wlph

gluhfwlrq/ l1h1 li {3> {4> ==={Q�4> {Q lv d vhtxhqfh vdwlvi|0

lqj +5,/ wkhq wkh %uhyhuvhg% vhtxhqfh {Q > {Q�4> ===> {4> {3
vdwlv�hv lwv gxdo +43,1

Wkh deryh ohppd suryhv wkdw wkh froxpqv ri [IM
n
I gr

qrw vx�fh wr irup d edvlv ri E1 Wklv lv ehfdxvh wkhuh duh

vroxwlrqv ri wkh gxdo htxdwlrq +43, dqg khqfh dffruglqj

wr wkh suhylrxv ohppd ri wkh ruljlqdo rqh +5,/ zklfk gr

qrw fruuhvsrqg wr vrph �qlwh hljhqydoxh ri D+�,1 Wkhvh

duh wkh vroxwlrqv fruuhvsrqglqj wr wkh hljhqydoxhv ri �D+�,

dw � @ 31 Lw lv nqrzq +vhh h1j1 ^;`, wkdw li �3 lv dq

hljhqydoxh ri �D +�, wkhq ��43 lv dq hljhqydoxh ri D+�,=

Wkxv wkh qrq0}hur hljhqydoxhv ri �D+�, duh jlylqj ulvh wr

vrph �qlwh vshfwudo sdlu ri D+�, fruuhvsrqglqj wr ��43 /

zklfk lv reylrxvo| frqwdlqhg lq +<,1 Wkh sureohp lv wkdw

wkh gxdo pdwul{ �D+�, pljkw kdyh dq hljhqydoxh dw � @ 3>

zklfk reylrxvo| fdq qrw eh lqyhuwhg1 Wkh �qlwh hljhqsdlu

ri �D+�, fruuhvsrqglqj wr lwv }hur hljhqydoxh lv vlpso| wkh

lq�qlwh vshfwudo sdlu ri D+�,= Wkxv lq rughu wr irup d edvlv

ri +5, zh kdyh wr wdnh lqwr dffrxqw wkh lq�qlwh hohphqwdu|

glylvruv ri D+�, dv zhoo dv lwv fruuhvsrqglqj vshfwudo sdlu1

Frqvlghu htxdwlrq +5, ru htxlydohqwo| wkh pruh ghwdlohg

irup +4,1 Wkhq rqh fdq zulwh wklv htxdwlrq lq wkh iroorzlqj

irup

UQ.4+D,�{Q.4 @ 3 +44,

zkhuh UQ.4+D, lv wkh uhvxowdqw pdwul{ ri D+�, kdylqj

Q . 4 eorfn froxpqv

UQ.4+D, @

5
99997

D3 D4 � � � Dt 3 � � � 3

3 D3 D4 � � � Dt

1 1 1
111

111
1 1 1

1 1 1
1 1 1

1 1 1 3

3 � � � 3 D3 D4 � � � Dt

6
::::8 +45,

zkhuh UQ.4+D, 5 ?u+Q�t.4,�u+Q.4, dqg �{Q.4 @

^ {W3 {W4 � � � � � � {WQ�4 {WQ `W 5 ?u+Q.4,= Reyl0

rxvo| htxdwlrqv +5, dqg +4, duh htxlydohqw wr +44, lq wkh

vshfl�hg wlph lqwhuydo n @ 3> 4>5> ===>Q=

Zlwk wklv vlpsoh uhpdun dqg xvlqj wkh wkhru| iru wkh

nhuqhov ri wkh ri uhvxowdqw pdwulfhv ri d sro|qrpldo pdwul{/

zh fdq vwdwh wkh iroorzlqj yhu| lpsruwdqw

Wkhruhp 6 Wkh ehkdylru ri wkh DU0uhsuhvhqwdwlrq +5,
ryhu wkh �qlwh wlph lqwhuydo n @ 3>4>5> ===> Q lv

E @ vsdq^[I >[4`iM
n
I � MQ�n

4
j +46,

dqg
glpE @ ut

zkhuh u> t duh uhvshfwlyho| wkh glphqvlrq ri D+�, dqg wkh
pd{lpxp rughu ri � lq D+�,> +[I > MI , lv d �qlwh vshfwudo
sdlu ri D+�, dqg +[

4
> M
4
, lv dq lq�qlwh vshfwudo sdlu ri

D+�,=

Surri1 Frqvlghu htxdwlrq +44,1 Reylrxvo| wkh vroxwlrq

vsdfh ri wklv htxdwlrq lv wkh nhuqho ri UQ.4+D,= Wkhq wkh

ehkdylru ri +5, lv fohduo| lvrprusklf wr wkh vroxwlrq vsdfh

ri +44,/ l1h1

E * NhuUQ.4+D, +47,

Exw iurp wkhruhp 414 lq ^43` zh kdyh dv d vshfldo fdvh wkdw

NhuUQ.4+D, @ Lp fro+[I M
l
I ,

Q
l@3 � Lp fro+[4M

Q�l
4

,Ql@3
+48,

Wkh glphqvlrqv ri [I > MI >[4> M4 duh u�q/ q�q/ u��

dqg � � � uhvshfwlyho|/ zkhuh q @ ghj mD+�,m lv wkh wrwdo

qxpehu ri �qlwh hohphqwdu| glylvruv / � lv wkh wrwdo qxpehu

ri lq�qlwh hohphqwdu| glylvruv +pxowlsolflwlhv hqfrxqwhuhg

iru lq erwk fdvhv, dqg q.� @ ut +vhh ^;`,1 Ixuwkhupruh lw

lv nqrzq ^;` wkdw wkh froxpqv ri fro+[IM
l
I >[4M

Q�l
4

,Ql@3
duh olqhduo| lqghshqghqw1 Rq wkh rwkhu kdqg iurp wkh

uhjxodulw| dvvxpswlrq ri D+�, zh kdyh

udqnUQ.4+D, @ +Q � t . 4,u

+wklv lv d zhoo nqrzq uhvxow/ vhh iru h{dpsoh ^44` h{huflvh

7143, dqg wkxv

glpNhuUQ.4+D, @ ut +49,

Reylrxvo| +47,/+48, dqg +49, suryh wkdw wkh froxpqv ri

wkh pdwul{

^[I >[4`iM
n
I � MQ�n

4
j

irup lqghhg d edvlv ri E dqg frqvhtxhqwo| glpE @ ut=

Lw lv fohdu wkdw wkh vroxwlrq vsdfh E fdq eh ghfrpsrvhg

lqwr wzr vxevsdfhv wkh rqh fruuhvsrqglqj wr wkh �qlwh

hljhqvwuxfwxuh ri wkh sro|qrpldo pdwul{ dqg wkh rwkhu fru0

uhvsrqglqj wr wkh lq�qlwh rqh/ l1h1

E @ EI �EE

zkhuh EI @ Lp fro+[I M
l
I ,

Q
l@3

dqg EE @ Lp fro+[
4
MQ�l
4

,Ql@3 +wkh vxevfulswv I>E duh

wkh lqlwldo ri wkh zrugv Iruzdug dqg Edfnzdug,

Wkh �uvw sduw EI jlyhv ulvh wr vroxwlrqv prylqj lq wkh

iruzdug gluhfwlrq ri wlph dqg uh�hfwv wkh iruzdug sursd0

jdwlrq ri wkh lqlwldo frqglwlrqv {3> {4> ===> {t�4> zkloh wkh

vhfrqg sduw EE jlyhv vroxwlrqv prylqj edfnzdugv lq wlph/

l1h1 iurp Q wr 3=

Wklv glvfxvvlrq vkrxog eh frpsduhg wr wkdw lq ^4`/ ^5`/

^6`1 Qrwlfh wkdw wkh deryh ghfrpsrvlwlrq ri wkh vroxwlrq

vsdfh lqwr iruzdug dqg edfnzdug vxevsdfhv/ fruuhvsrqgv

wr d pd{lpdo iruzdug ghfrpsrvlwlrq ri wkh ghvfulswru

vsdfh lq ^6`1

D yhu| lqwhuhvwlqj sureohp lv wr ghwhuplqh d forvhg iru0

pxod iru wkh vroxwlrq ri +5, zkhq erxqgdu| duh jlyhq1 Wkh

uhdvrq zk| zh kdyh wr fkrrvh erwk lqlwldo dqg �qdo frq0

glwlrqv lv reylrxv/ diwhu wkh deryh glvfxvvlrq derxw wkh

ehkdylru ri +5,1

Wkhruhp 7 Jlyhq wkh lqlwldo frqglwlrqv yhfwru a{L @

^ {W3 {W4 � � � {Wt�4 `W 5 ?ut dqg wkh �qdo frqglwlrqv
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yhfwru a{I @ ^ {WQ�t.4 {WQ�t.5 � � � {WQ `W 5 ?ut> +5,
kdv wkh xqltxh vroxwlrq

{n @
�
[IM

n
IPI [

4
MQ�n
4

P
4

�� a{L
a{I

�
+4:,

iru n @ 3> 4> 5> ===>Q> l� wkh yhfwruv a{L > a{I vdwlvi| wkh frp0
sdwlelolw| erxqgdu| frqglwlrq

�
a{L
a{I

�
5 nhu

�
M
Q�t.4
I PI �PI

�P4 MQ�t.4
4

P4

�
+4;,

zkhuh PI 5 ?q�ut/ P4 5 ?��ut duh gh�qhg e|�
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^9` Qlnrxnkdk U/ Zloovn| D1/ Ehuqdug F1 Ohy|/

%Erxqgdu|0ydoxh ghvfulswru v|vwhpv= zhoo0srvhgqhvv/
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^44` Ydugxodnlv D1L1J1/ *Olqhdu Pxowlyduldeoh Frqwuro 0
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