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Nh|zrugv = Hgxfdwlrq/ Olqhdu V|vwhpv/ V|perolf

Frpsxwdwlrq1

�Mt|h@U|

Wkh dojrulwkpv uhtxluhg iru wkh vroxwlrq ri vhyhudo sure0

ohpv lq wkh vwxg| ri olqhdu pxowlyduldeoh v|vwhpv/ fdq eh

suryhg wr eh d yhu| whglrxv wdvn dqg xvxdoo| rqo| d ihz

wulyldo h{dpsohv fdq eh hqwluho| zrunhg rxw pdqxdoo| lq

d uhdvrqdeoh wlph1 D sdfndjh frqwdlqlqj vrph edvlf dojr0

ulwkpv iru wkh vwxg| ri olqhdu v|vwhpv/ lpsohphqwhg yld

Pdsoh Y/ lv suhvhqwhg khuh dv d yhu| xvhixo wrro pdlqo|

iru hgxfdwlrqdo sxusrvhv1

� W?|hL_�U|�L?

Wkh vwxg| ri olqhdu pxowlyduldeoh v|vwhpv lv rqh ri wkh

prvw lpsruwdqw lvvxhv lq frqwuro wkhru|1 Iru wkh vwxg| ri

vwdwh vsdfh v|vwhpv ru hyhq jhqhudol}hg vwdwh vsdfh v|v0

whpv/ wkhuh h{lvw vhyhudo dojrulwkpv zklfk fdq eh xvhg

wr vroyh dqdo|vlv ru ghvljq sureohpv1 Wklv lv ehfdxvh d

vwdwh vsdfh ghvfulswlrq lv qrwklqj pruh wkdq d txdgux0

soh ri uhdo frqvwdqw pdwulfhv D>E>F>G dqg wkxv qxphu0

lfdo dojrulwkpv/ kdylqj dv lqsxw wkhvh pdwulfhv/ fdq eh

xvhg1 Iru wkh vwxg| ri sro|qrpldo pdwul{ prghov zh fdq0

qrw xvh gluhfwo| qxphulfdo dojrulwkpv/ exw wkhuh duh wzr

dowhuqdwlyhv1 Wkh �uvw dowhuqdwlyh lv wr xvh sro|qrpldo pd0

wul{ wkhru| wr lpsohphqw gluhfwo| dojrulwkpv xvlqj vrph

v|perolf frpsxwdwlrq sdfndjh olnh Pdsoh Y/ Pdfv|pd ru

Pdwkhpdwlfd1 Wkh vhfrqg rqh/ lv wr uhgxfh wkh sro|qr0

pldo pdwul{ ghvfulswlrq wr d +jhqhudol}hg, vwdwh vsdfh irup

xvlqj vrph nqrzq uhdol}dwlrq phwkrg dqg wkhq wr dsso|

qxphulfdo dojrulwkpv +xvlqj iru h{dpsoh Pdwode, iru wkh

vwxg| ri wkh htxlydohqw v|vwhpv1 Krzhyhu/ hyhq lq wklv vhf0

rqg fdvh zh qhhg d uholdeoh v|perolf dojrulwkp wr frqyhuw

wkh ruljlqdo v|vwhp wr lwv uhgxfhg htxlydohqw1

Qxphulfdo dojrulwkpv duh yhu| h�flhqw dqg idvw frp0

sdulqj wr wkh v|perolf rqhv dqg wkxv wkh| duh pxfk pruh

dwwudfwlyh iru uhdo wlph dssolfdwlrqv ru lqgxvwuldo xvh1 Rq

wkh rwkhu kdqg v|perolf dojrulwkpv duh pruh dffxudwh dqg

deoh wr pdqlsxodwh gluhfwo| sro|qrpldo pdwulfhv/ zklfk lv

wkh fdvh khuh1 Wklv vhfrqg ihdwxuh lv wkh rqh wkdw pdnhv

wkhp yhu| dwwudfwlyh iru hgxfdwlrqdo sxusrvhv1

Lq wklv sdshu zh suhvhqw d sdfndjh lpsohphqwhg lq

Pdsoh Y/ zklfk frqwdlqv vrph edvlf dojrulwkpv pdlqo|

iru wkh dqdo|vlv ri sro|qrpldo prghov vxfk dv h{wudfwlrq

ri juhdwhvw frpprq glylvruv/ ghwhuplqdwlrq ri pdwul{ iudf0

wlrq ghvfulswlrqv ri udwlrqdo pdwulfhv/ vwdwh vsdfh uhdol}d0

wlrqv/ hwf1 Vlplodu zrunv xvlqj Pdsoh Y fdq eh irxqg lq

^9`/ ^:`/ ^8`1 Wkh dlp ri wkh sdshu lv wr vkrz wkh srzhu

ri v|perolf sdfndjhv iru wkh pdqlsxodwlrq ri sro|qrpldo

pdwulfhv/ zklfk duh wkh edvlf wrrov iru wkh vwxg| ri olqhdu

v|vwhpv lq wkh iuhtxhqf| grpdlq1

2 A�i T@U!@}i

Wklv sdfndjh zdv lpsohphqwhg lq Pdsoh Y 0 uhohdvh 6 dqg

frqwdlqv vrph surfhgxuhv pdlqo| iru wkh dqdo|vlv ri sro|0

qrpldo prghov1 Khuh zh vkdoo suhvhqw rqo| wkh edvlf rqhv/

zkloh wkh uhvw ri wkhp duh vlpso| dx{loldu| ixqfwlrqv xvhg

lqwhuqdoo| e| wkh dojrulwkpv1 Wkh frpsohwh olvwlqj ri wkh

surfhgxuhv fdq eh irxqg lq wkh dsshqgl{ dw wkh hqg ri

wkh sdshu1 Doo wkh h{dpsohv zhuh zrunhg rxw rq d Shq0

wlxp :8PK} pdfklqh zlwk 49PE ri pdlq phpru|1 Wkh

sdfndjh vkrxog eh ordghg xvlqj wkh frppdqg

Auhdg *olqv|v1p*>

Lq doo wkh dojrulwkpv v lv frqvlghuhg wr eh wkh lqghwhu0

plqdwh ri wkh sro|qrpldov dqg wkxv wkh v|pero v vkrxog

uhpdlq xqdvvljqhg1 Lq rughu wr xqdvvljq wkh v|pero v zh

fdq xvh wkh iroorzlqj

Av=@*v*>

v =@ v

ru htxlydohqwo|

Axqdvvljq+*v*,>

4



Lw lv dovr lpsruwdqw wr qrwlfh khuh wkdw doo wkhvh sur0

fhgxuhv uhtxluh wkh Pdsoh*v sdfndjh iru Olqhdu Dojheud1

Wklv fdq eh ordghg dv iroorzv

Azlwk +olqdoj,>

Wkh �uvw wzr dojrulwkpv frpsxwh wkh uljkw ru ohiw juhdw0

hvw frpprq glylvru ri wzr sro|qrpldo pdwulfhv1

jfug +D/E, 0 jfog +D/E,= frpsxwh wkh uljkw +uhvs1

ohiw, juhdwhvw frpprq glylvru ri wkh sro|qrpldo pdwulfhv

D/E1 Wkh phwkrg xvhg khuh +vhh iru h{dpsoh ^4`/ ^5`, shu0

irupv urz +uhvs1 froxpq, hohphqwdu| rshudwlrqv wr uhgxfh

wkh eorfn pdwul{ �
D

E

�
+uhvs1 ^D>E` ,

wr wkh irup �
Ju

3

�
+uhvs1 ^Jo>3` ,

zkhuh Ju + uhvs1 Jo, duh vtxduh wuldqjxodu pdwulfhv1

Wkhq Ju dqg Jo duh uhvshfwlyho| wkh uljkw dqg ohiw juhdwhvw

frpprq glylvru ri D>E= Wkh qxpehu ri froxpqv ru urzv

uhvshfwlyho| ri wkh pdwulfhv D/E pxvw htxdo rwkhuzlvh zh

jhw wkh huuru phvvdjh %lqfrpsdwleoh pdwul{ glphqvlrqv%1

H{dpsoh 4 Frqvlghu wkh iroorzlqj wzr pdwulfhv

AD=@pdwul{+^^va5.4/v.5`/^v04/3``,>

D =@

�
v5 . 4 v.5

v� 4 3

�

AE=@pdwul{+^^v.4`/^v04``,>

E =@

�
v. 4

v� 4

�

AJo=@jfog+D/E,>

Jo =@

�
8 3

v� 4 9

8
v�

9

8

�

A

Wkh qh{w wzr surfhgxuhv frpsxwh d frsulph pdwul{

iudfwlrq ghvfulswlrq/ l1h1 d qxphudwru dqg d ghqrplqdwru

pdwul{/ ri d udwlrqdo wudqvihu ixqfwlrq1

piug+U, 0 p�g+U,= uhvxow d sdlu ri sro|qrpldo pd0

wulfhv zklfk duh wkh qxphudwru dqg wkh ghqrplqdwru +uh0

vshfwlyho| uljkw ru ohiw, ri wkh udwlrqdo pdwul{ U/ l1h1

U @ QUG
�4

U ru U @ G
�4

O QO

dqg ixuwkhupruh QU>GU +uhvs1 QO>GO, duh uljkw +uhvs1

ohiw, frsulph1 Wkhvh wzr dojrulwkpv xvh wkh jfug dqg jfog

urxwlqhv wr ghulyh d frsulph qxphudwru dqg ghqrplqdwru

+iru pruh ghwdlov rq wkh phwkrg xvhg khuh vhh ^7`,1

H{dpsoh 5 Frqvlghu wkh iroorzlqj

AU=@pdwul{+^^+va50v,2+v.5,/v.42v`/ ^3/v2+v.4,.6``,>

U =@

5
97

v5 � v

v. 5
v.

4

v

3
v

v. 4
. 6

6
:8

AW=@piug+U,>

W =@

�
v5 � v v6 . v5 . v. 4

3 7v5 . 6v

�
>

�
v.5 3

3 v5 . v

�

AQu=@W^4`>

Qu =@

�
v5 � v v6 . v5 . v.4

3 7v5 . 6v

�

AGu=@W^5`>

Gu =@

�
v. 5 3

3 v5 . v

�

Ahydop+Qu)-lqyhuvh+Gu,,> # iyhuli| wkdw U @

QuGu�4j 5
97

v+v� 4,

v. 5

v5 . 4

v

3
7v. 6

v.4

6
:8

A

Wkh iroorzlqj surfhgxuhv uhvxowv d froxpq ru urz uh0

gxfhg irup ri d sro|qrpldo pdwul{

frouhgxfh+S, 0 urzuhgxfh+S,= uhwxuq dv uhvxow wzr

pdwulfhv1 Wkh �uvw pdwul{ lv wkh froxpq +uhvs1 urz, uh0

gxfhg irup ri wkh sro|qrpldo pdwul{ S/ zkloh wkh vhfrqg

rqh lv d xqlprgxodu pdwul{ zklfk srvw0 +uhvs1 suh0, pxo0

wlsolhv S wr rewdlq lwv froxpq +uhvs1 urz, uhgxfhg irup1

Wkh phwkrg xvhg khuh +vhh ^6` ru ^4`, dssolhv hohphqwdu|

froxpq +uhvs1 urz, rshudwlrqv wr uhgxfh wkh froxpq +uhvs1

urz, frpsoh{lw| ri S xqwlo lw uhdfkhv lwv orzhu erxqg zklfk

lv wkh ghuwplqhqwdo ghjuhh ri wkh pdwul{1

H{dpsoh 6 Frqvlghu wkh iroorzlqj

AS=@pdwul{+^^va5.4/va43.v.4`/^3/v0

4``,>#� ireylrxvo| wkh froxpq frpsoh{lw| lv 5 . 43 @

45 A ghj mS m @ 6j

S =@

�
v
5 .4 v

43 . v.4

3 v� 4

�

AW=@frouhgxfh+S,>

W = @

�
�v v5 . v.4

�v.4 v� 4

�
>�

�v5 . v7 � v9 . v; .4 v5 � v7 . v9 � v;

�4 4

�

ASU=@W^4`>#� i Qrz lw lv reylrxv wkdw wkh frpsoh{lw|

lv 4 . 5 @ 6j

SU =@

�
�v v5 . v. 4

�v.4 v� 4

�

5



AX=@W^5`>

X =@

�
�v5 . v7 � v9 . v; .4 v5 � v7 . v9 � v;

�4 4

�

Aghw+X,>#� iX lv xqlprgxoduj

4

Ahydop+S)-X,>#� i yhuli| wkdw SX @ Suj�
�v v5 . v.4

�v.4 v� 4

�

A

Wkh iroorzlqj dojrulwkpv shuirup vhyhudo w|shv ri uhdo0

l}dwlrq ri d jlyhq udwlrqdo pdwul{ wudqvihu ixqfwlrq1

vsuhdo +S, = Wklv ixqfwlrq uhwxuqv wkuhh pdwulfhv/

qdpho| D>E>F> dv d plqlpdo vwdwh vsdfh uhdol}dwlrq ri

wkh vwulfwo| surshu pdwul{ wudqvihu ixqfwlrq S> l1h1 D>E>F

vdwlvi|

S @ F+vL �D,�4E

dqg wkh sdluv +D>E, dqg +D>F, duh uhvshfwlyho| frq0

wuroodeoh dqg revhuydeoh1 Wkh phwkrg lv vlplodu wr wkhvh

sursrvhg lq ^6` dqg ^4` dqg lw lv edvhg rq wkh ghulydwlrq ri

frsulph pdwul{ iudfwlrq ghvfulswlrq ri S> zkrvh ghqrplqd0

wru lv lq d froxpq uhgxfhg irup1 Wklv surfhgxuh lqwhuqdoo|

xvhv doo wkh deryh ixqfwlrqv wr rewdlq wkh uhdol}dwlrq1

H{dpsoh 7 Frqvlghu wkh iroorzlqj

AS=@pdwul{+^^3/42+v.4,`/^042+v.4,/42v``,>

S =@

�
3 4

v.4

�
4

v.4

4

v

�

AW=@vsuhdo+S,>

W =@

5
7 �4 3 3

3 3 4

3 3 �4

6
8 >

5
7 4 3

3 3

3 4

6
8 > � 3 3 4

�4 4 4

�

AD=@W^4`=

AE=@W^5`=

AF=@W^5`=

Ahydop +F)-lqyhuvh+v-Lg+6,0D,)-E,> # iyhuli| wkdw

S @ F+vL �D,�4Ej�
3 4

v.4

�
4

v.4

4

v

�

A

srouhdo +S,= Uhwxuqv d *sxuh* jhqhudol}hg vwdwh vsdfh

uhdol}dwlrq ri wkh sro|qrpldo pdwul{ wudqvihu ixqfwlrq S=

Wkh surfhgxuh uhvxowv wkuhh pdwulfhv qdpho| H>E>F/ vxfk

wkdw

S @ F+vH � L,�4E

Ixuwkhupruh H lv qlosrwhqw dqg wkh eorfn ^H>E`/

^HW >FW `W kdyh ixoo udqn/ zklfk phdqv wkdw wkh uhdol}d0

wlrq lv frqwuroodeoh dqg revhuydeoh dw v @4= Wkh phwkrg

xvhg iru wklv w|sh ri uhdol}dwlrq fdq eh irxqg lq ^4` dqg lv

edvhg rq wkh vwdwh vsdfh uhdol}dwlrq ri wkh vwulfwo| surshu

wudqvihu ixqfwlrq

�S +v, @
4

v
S +v,

H{dpsoh 8 Frqvlghu wkh sro|qrpldo pdwul{

AS=@pdwul{+^^va5.4/v05`/^v.4/v04``,>

S =@

�
v5 .4 v� 5

v. 4 v� 4

�

AW=@srouhdo +S,>

W = @

5
99997

3 4 3 3 3

3 3 4 3 3

3 3 3 3 3

3 3 3 3 4

3 3 3 3 3

6
::::8 >

5
99997

3 3

3 3

�4 3

3 3

3 �4

6
::::8 >

�
4 3 4 4 �5

3 4 4 4 �4

�

AH=@W^4`=

AE=@W^5`=

AF=@W^6`=

Ahydop+F)-lqyhuvh+v-H0Lg+8,,)-E,>#�iyhuli| wkdw

S @ F+vH � L,�4Ej�
v5 .4 v� 5

v.4 v� 4

�

A

Wkh odvw surfhgxuh shuirupv dq luuhgxfleoh jhqhudol}hg

vwdwh vsdfh uhdol}dwlrq ri d jhqhudo udwlrqdo wudqvihu ixqf0

wlrq1

uhdol}h+S, =uhwxuqv d txdguxsoh ri pdwulfhv H>D>E>F

vxfk wkdw

S @ F+vH �D,�4E

zkhuh S lv wkh jlyhq udwlrqdo pdwul{ wudqvihu ixqfwlrq1

Wkh surfhgxuh ghfrpsrvhv S lqwr wzr sduwv dv S @ Ssro.

Svs zkhuh Ssro lv wkh sro|qrpldo sduw ri S dqg Svs lv wkh

vwulfwo| surshu sduw ri S= Wkh uhvxow iroorzv vlpso| +vhh

^4`, iurp

S @ ^F>F4`

�
vL �D 3

3 vD4 � L

� �
E

E4

�

H{dpsoh 9 Frqvlghu wkh udwlrqdo wudqvihu ixqfwlrq

AS=@pdwul{+^^+40v,2+v.5,/va5.42v`/^3/v.6``,>

S =@

% 4� v

v.5
v5 .

4

v
3 v.6

&

6



AW=@uhdol}h+S,>

W =@

5
99997

4 3 3 3 3

3 4 3 3 3

3 3 3 4 3

3 3 3 3 4

3 3 3 3 3

6
::::8 >

5
99997
�5 3 3 3 3

3 3 3 3 3

3 3 4 3 3

3 3 3 4 3

3 3 3 3 4

6
::::8 >

5
99997

4 3

3 4

4 3

3 3

3 �4

6
::::8 >

�
6 4 4 3 3

3 3 3 4 6

�

AHs=@W^4`=

AD=@W^5`=

AE=@W^6`=

AF=@W^7`=

Ahydop+F)-lqyhuvh+v-Hs0D,)-E,>#� iyhuli| wkdw

F+vH �D,�4E @ Sj5
7 �

v� 4

v.5

v6 .4

v
3 v.6

6
8

A

� �L?U*�t�L?t

Lq wkh sdvw v|perolf frpsxwdwlrqv zdv d yhu| gl�fxow

wdvn/ zklfk zdv fduulhg rxw h{foxvlyho| e| pdlqiudphv ru

vxshufrpsxwhuv1 Wrgd|*v surjuhvv ri frpsxwhu whfkqro0

rj| doorzv wkh xvdjh ri v|perolf sdfndjhv hyhq lq d fkhds

shuvrqdo frpsxwhu1 Vhyhudo vriwzduh sdfndjhv/ olnh Pdsoh/

Pdwkhpdwlfd dqg Pdfv|vpd/ surylgh d xvhu0iulhqgo| hqyl0

urqphqw dqg d kljk0ohyho surjudpplqj odqjxdjh/ iru wkh

ghyhorsphqw ri vshfldol}hg urxwlqhv1 Wkhvh ihdwxuhv pdnh

wkhp yhu| dwwudfwlyh iru wkh lpsohphqwdwlrq ri dojrulwkpv

zklfk fdq eh xvhg hlwkhu iru dqdo|vlv/ ghvljq ru hgxfd0

wlrqdo sxusrvhv/ lq wkh �hog ri frqwuro wkhru|1

Wkh dlp ri wklv qrwh lv wr suhvhqw vrph �uvw vwhsv wr0

zdugv wklv gluhfwlrq1 Zh kdyh frqvwuxfwhg d vpdoo exw yhu|

xvhixo Pdsoh sdfndjh zklfk frqwdlqv dojrulwkpv iru edvlf

sro|qrpldo pdwul{ fdofxodwlrqv vxfk dv JFGv/ PIGv hwf1

Xvlqj wkhvh edvlf surfhgxuhv dqg wkh h{lvwlqj wkhru| zh

lpsohphqwhg d jhqhudol}hg vwdwh vsdfh uhdol}dwlrq dojr0

ulwkp1 Wkh dojrulwkpv xvhg lq doo wkhvh surfhgxuhv fdq eh

yhu| frpsolfdwhg dqg rqo| wulyldo h{dpsohv fdq eh hqwluho|

zrunhg rxw pdqxdoo|1 Wkxv wkh khos ri vxfk d wrro/ lq wkh

vwxg| ri olqhdu pxowlyduldeoh v|vwhpv fdq eh suryhg wr eh

lqydoxdeoh1

e �TTi?_� 

�qgplq=@surf+D=duud|/m=qrqqhjlqw,

orfdo i/l/s/pq/zpq>

s =@ urzglp+D,>

zpq =@ m>

pq =@ lq�qlw|>

iru l iurp m wr s gr

i =@ ghjuhh+D^l/m`/v,> li i ? pq dqg D^l/m` ?A 3 wkhq pq

=@ i> zpq =@ l �

rg>

zpq

hqg

holp=@surf+D=duud|/m=qrqqhjlqw,

orfdo w/l/u/s/zpq>

s =@ urzglp+D,>

w =@ D>

zkloh qrw lv}hur+fro+ghourzv+w/4 11 m,/m,, gr

zpq =@ �qgplq+w/m,>

w =@ vzdsurz+w/m/zpq,>

iru l iurp m.4 wr s gr w =@ dggurz+w/m/l/0txr+w^l/m`/w^m/m`/v,,

rg>

w =@ pds+h{sdqg/w,

rg>

hydop+w,

hqg

jfug=@surf+D=duud|/E=duud|,

orfdo W/s/p/m/J>

li froglp+D, ?A froglp+E, wkhq HUURU+cLqfrpsdwleoh

pdwul{ glphqvlrqvc, �>

W =@ eorfnpdwul{+5/4/D/E,>

s =@ urzglp+W,>

p =@ froglp+W,>

J =@ W>

iru m wr p gr J =@ holp+J/m, rg>

J =@ ghourzv+J/p.4 11 s,

hqg

jfog=@surf+D=duud|/E=duud|,

wudqvsrvh+jfug+wudqvsrvh+D,/wudqvsrvh+E,,, hqg

piug=@surf+U=duud|,

orfdo Uq/Gh/Ghq/Qxp/J/l/m>

Uq =@ pds+vlpsoli|/U,>

Gh =@ pds+ghqrp/Uq,>

Ghq =@ gldj+vht+ofp+vht+fro+Gh/m,^l`/

l @ 4 11 urzglp+Gh,,,/m @ 4 11 froglp+Gh,,,>

Qxp =@ pds+h{sdqg/hydop+Uq )- Ghq,,>

J =@ jfug+Qxp/Ghq,>

li 3 ? ghjuhh+ghw+J,/v, wkhq

Qxp =@ pds+h{sdqg/hydop+Qxp )- lqyhuvh+J,,,>

Ghq =@ pds+h{sdqg/hydop+Ghq )- lqyhuvh+J,,,

�>

hydop+Qxp,/hydop+Ghq,

hqg

p�g=@surf+U=duud|,

orfdo w>

w =@ piug+wudqvsrvh+U,,>

hydop+wudqvsrvh+w^4`,,/hydop+wudqvsrvh+w^5`,,

hqg

froghj=@surf+D=pdwul{/f=qrqqhjlqw,

orfdo q/g/fr/l/gh>

fr =@ fro+D/f,>
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q =@ urzglp+D,>

g =@ 0lq�qlw|>

iru l wr q gr

gh =@ ghjuhh+h{sdqg+fr^l`,/v,> li g ? gh wkhq g =@ gh �

rg>

g

hqg

kljkfro=@surf+D=pdwul{,

orfdo s/p/g/l/Dk/m/gh>

p =@ froglp+D,>

s =@ urzglp+D,>

Dk =@ pdwul{+s/p,>

g =@ pdwul{+p/p/3,>

iru l wr p gr

gh =@ froghj+D/l,>

g^l/l` =@ vagh>

iru m wr s gr Dk^m/l` =@ frh�+h{sdqg+D^m/l`,/v/gh, rg

rg>

hydop+Dk,/hydop+g,

hqg

frouhgxfh=@surf+D=pdwul{,

orfdo wD/Dk/X/s/p/iu/Q/pg/zpg/g/l/Qr/w>

wD =@ D>

s =@ urzglp+D,>

p =@ froglp+D,>

X =@ duud|+lghqwlw|/4 11 p/4 11 p,>

iu =@ plq+s/p,>

w =@ kljkfro+wD,>

Dk =@ hydop+w^4` )- w^5`,>

zkloh udqn+Dk, ? iu gr

Q =@ hydo+nhuqho+Dk,^4`,>

pg =@ lq�qlw|>

iru l wr p gr

g =@ ghjuhh+Q^l`/v,>

li g ? pg dqg Q^l` ?A 3 wkhq pg =@ g> zpg =@ l �

rg>

Qr =@ Q^zpg`>

Q =@ vfdodupxo+Q/42Qr,>

iru l wr p gr

li l ?A zpg wkhq

wD =@ hydod+dggfro+wD/l/zpg/Q^l`,,>

X =@ hydod+dggfro+X/l/zpg/Q^l`,,

�

rg>

w =@ kljkfro+wD,>

Dk =@ hydop+w^4` )- w^5`,

rg>

hydop+wD,/hydop+X,

hqg

urzuhgxfh=@surf+D=pdwul{,

orfdo wD>

wD =@ frouhgxfh+wudqvsrvh+D,,>

wudqvsrvh+wD^4`,/wudqvsrvh+wD^5`,

hqg

pdnhV=@surf+D=pdwul{/Qx=pdwul{/Gh=pdwul{,

orfdo y/Vv/Df/Ek/Fk/wD/n/m/l/w/s/p/q/o/wQx>

wD =@ pds+h{sdqg/D,>

wQx =@ pds+h{sdqg/Qx,>

s =@ urzglp+Qx,>

p =@ froglp+D,>

q =@ 3>

iru l wr p gr y^l` =@ froghj+Gh/l,04> q =@ q.y^l`.4 rg>

Df =@ pdwul{+p/q/3,>

Vv =@ pdwul{+q/p/3,>

Ek =@ pdwul{+q/p/3,>

Fk =@ pdwul{+s/q,>

o =@ 4>

iru m wr p gr

Ek^o.y^m`/m` =@ 4>

iru n iurp 3 wr y^m` gr

Vv^o.n/m` =@ van>

iru l wr p gr Df^l/o.n` =@ frh�+wD^l/m`/v/n, rg>

iru l wr s gr Fk^l/o.n` =@ frh�+wQx^l/m`/v/n, rg

rg>

o =@ o.y^m`.4

rg>

hydop+Df,/hydop+Vv,/hydop+Ek,/hydop+Fk,

hqg

vsuhdo=@surf+U=pdwul{,

orfdo

whps/s/p/l/Dr/Ep/Vv/Os/Dp/Ek/Gef/Dkw/Ekw/Fkw/Gh/Qx>

li lv}hur+U, wkhq HUURU+cFdqqrw uhdol}h lghqwlfdo| }hur

pdwul{c,

�>

whps =@ piug+U,>

Gh =@ pds+h{sdqg/whps^5`,>

Qx =@ pds+h{sdqg/whps^4`,>

whps =@ frouhgxfh+Gh,>

Qx =@ pds+h{sdqg/hydop+Qx )- whps^5`,,>

Gh =@ pds+h{sdqg/whps^4`,>

s =@ urzglp+Qx,>

p =@ froglp+Gh,>

whps =@ kljkfro+Gh,>

Ep =@ lqyhuvh+whps^4`,>

Os =@ pds+h{sdqg/hydop+Gh0+whps^4` )- whps^5`,,,>

Dr =@ MrugdqEorfn+3/froghj+Gh/4,,>

iru l iurp 5 wr p gr

Dr =@ gldj+Dr/MrugdqEorfn+3/froghj+Gh/l,,, rg>

whps =@ pdnhV+Os/Qx/Gh,>

Gef =@ whps^4`>

Dp =@ hydop+0+Ep )- Gef,,>

Ek =@ whps^6`>

Vv =@ whps^5`>

Fkw =@ whps^7`>

Dkw =@ hydop+Dr.+Ek )- Dp,,>

Ekw =@ hydop+Ek )- Ep,>

hydop+Dkw,/hydop+Ekw,/hydop+Fkw,

hqg

srouhdo=@surf+S=pdwul{,

orfdo U>

li lv}hur+S, wkhq HUURU+cFdqqrw uhdol}h lghqwlfdo| }hur

pdwul{c, �>

U =@ vfdodupxo+pds+{ 0A vxev+v @ 42v/{,/S,/42v,>

U =@ pds+vlpsoli|/U,>
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U =@ vsuhdo+U,>

hydop+U^4`,/hydop+0U^5`,/hydop+U^6`,

hqg

Lg=@m0Aduud|+lghqwlw|/411m/411m,>

vhsdudwh=@surf+D=pdwul{,

orfdo s/p/Ksro/Kvs/wD/g/q/l/m/Di/Dl>

wD =@ frqyhuw+D/udwlrqdo,>

s =@ urzglp+D,>

p =@ froglp+D,>

Ksro =@ pdwul{+s/p,>

Kvs =@ pdwul{+s/p,>

iru l wr s gr

iru m wr p gr

g =@ ghqrp+wD^l/m`,>

q =@ qxphu+wD^l/m`,>

Ksro^l/m` =@ txr+q/g/v,>

Kvs^l/m` =@ uhp+q/g/v,2g

rg

rg>

hydop+Ksro,/hydop+Kvs,

hqg

uhdol}h=@surf+U=pdwul{,

orfdo W/Dl/Di/Hs/D/E/F/q/pl>

W =@ vhsdudwh+U,>

q =@ 3>

pl =@ 3>

li qrw lv}hur+W^4`, wkhq Dl =@ srouhdo+W^4`,>

pl =@ urzglp+Dl^4`, �>

li qrw lv}hur+W^5`, wkhq Di =@ vsuhdo+W^5`,>

q =@ urzglp+Di^4`, �>

li 3 ? q dqg 3 ? pl wkhq

Hs =@ gldj+Lg+q,/Dl^4`,>

D =@ gldj+Di^4`/Lg+pl,,>

F =@ frqfdw+Di^6`/Dl^6`,>

E =@ vwdfn+Di^5`/Dl^5`,

holi q @ 3 dqg 3 ? pl wkhq Hs =@ Dl^4`>

D =@ Lg+pl,> F =@ Dl^6`> E =@ Dl^5`

holi pl @ 3 dqg 3 ? q wkhq Hs =@ Lg+q,>

D =@ Di^4`> F =@ Di^6`> E =@ Di^5`

hovh HUURU+cFdqqrw uhdol}h lghqwlfdo| }hur pdwul{c,

�>

hydop+Hs,/hydop+D,/hydop+E,/hydop+F,

hqg

+iuihi?Uit

^4` Ydugxodnlv D1L1J1/ %Olqhdu Pxowlyduldeoh Frqwuro = Do0

jheudlf Dqdo|vlv ) V|qwkhvlv Phwkrgv%/ M1 Zlooh| )

Vrqv/ XN +4<<4,1

^5` Nxfhud Y1/ %Glvfuhwh Olqhdu Frqwuro/ Wkh Sro|qrpldo

Htxdwlrq Dssurdfk%/ M1 Zlooh| ) Vrqv/ Fklfkhvwhu

+4<:<,1

^6` Zrorylfk Z1D1/ %Wkh ghwhuplqdwlrq ri vwdwh vsdfh

uhsuhvhqwdwlrqv iru olqhdu pxowlyduldeoh v|vwhpv%/ Dx0

wrpdwlfd/ </ ss1 <:0439/ +4<:6,1

^7` Ndlodwk W1/ %Olqhdu V|vwhpv%/ Suhqwlfh Kdoo/ Hqfoh0

zrrg Fol�v/ Q1M1 +4<;3,1

^8` W}hnlv S1/ Ndudpshwdnlv Q1/ Ydugxodnlv D1L1J1/ %Vr0

oxwlrq ri glrskdqwlqh htxdwlrqv yld Pdsoh%/ Surf1 7wk

LHHH Phglwhuudqhdq V|psrvlxp rq Frqwuro/ Fkdqld/

Fuhwh/ +4<<9,1

^9` Rjxq|h D1E1/ Shqolglv D1/ % Vwdwh Vsdfh frpsxwdwlrqv

xvlqj Pdsoh Y%/ LHHH Frqwuro V|vwhpv Pdj1/ yro1 49/

Qr 4/ ss1 :30::/ +4<<9,1

^:` Rjxq|h D1E1/ D1 Shqolglv D1/ %Frpsxwdwlrq ri V|v0

whpv Judpldqv dqg edodqfhg uhdol}dwlrqv xvlqj Pdsoh

Y%/ Lqw1 Mrxuqdo ri V|vwhpv Vflhqfh/ yro1 59/ Qr 7/

ss1;<<0<59/ +4<<8,1
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